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FORMULAS FOR REFERENCE

sin{ 4+ B)=sin Acos B+ cos Asin B

cos{A+ B)y=cos Acos B¥sin Asm B

+
tan( A+ B) = tEn Attan B
l1F¥tan Atan B

sin A+ sin B =2 sin A+Bcus &=4

2 2
sinn 4 -sin B =2 ¢os A+Bsin A;B
cos A+cos B=2cos A+BcnsA*B

2 2
cos A—cos B=-2sin A;Bsin A;B

2smm Acos B=sin{A+ B)+sin(4— B)
2cos Acos B =cos(A+ B)+cos(4-B)

2sm Asin B =cos(A4— B)-cos(A4+ B)




SECTION A (40 marks)
Answer ALL questions in this section.
Write your answers in the AL(E) answer book.

1. Let (2—x)" =Zakxk , where ne N .
k=0
(a) Prove that
i
»  Qa=l,
k=0
i
(ii) D kay=-n,
k=1

®)  Find ) (n+k)q,
fe=0
(7 marks)
2 (a)  Resolve 2x =23 into partial fractions.
2x+D2x+52x+7)
{b) Express Z Ll 22 in the form A4+ g + 3 + = , where 4, B,
2k + D2k + 5)(2k +7T) 2n+3 2n+5 2n+7
C and D are constants.
(c) Evaluate Z e .
S~ (2h +1X2k + 52K+ T)
{7 marks)
3 (a) Solve the equation sinzx=1, where xR .
(b) Let f(x) be a polynomial with real coefficients such that f(x)sinzx=0 forall xR .
Prove that f(x)=0 forall xR .
(c) Let g be areal-valued function defined on R such that g(x)sinzx =0 forall xeR .
Someone claims that g(x) =0 forall xR . Do you agree? Explain your answer.
(6 marks)
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Let T be the transformation which transforms the point (x, y) tothe point (x', y’') , where
y) L1 By
(a) If T transforms the point (1, ‘\E ) tothe point P, find the coordinates of P .

_ k — si 1 0
(b) It is given that 3o = ¥ C?SQ e , where £ >0 and
1 \E 0 £)\sinfd coséd \O -1

-T<B <,

Find £ and € . Hence describe the geometric meaning of 7.

(7 marks)
7 e
Let g =3 a, T and 6a,.,=5a, ,—a, forallpositive integers » .
(a) Using mathematical induction, prove that a, = zln + 3”1_1 for any positive integer # .
{b) Does there exist a positive integer m such that Z a, >3 7 Explain your answer.
k=1
(7 marks)
C |
Let S=Z[1+—] , where ne N\{1} .
k=1 K
&
(a) Using A.M. 2 G.M., or otherwise, prove that =i _IS > (l)”_I .
n - 7
. & L
(b) Prove that 2n—(n—1)n]_ﬂ >Sznnr+])
{6 marks)
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SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.

Write your answers in the AL{(C) answer book.

7. (a) Consider the system of linear equations in real variables x, y, z
X + 2y - z = 3
(E): 4 2x + 5y + (a-z = 4, where a,beR .
(a+2)x + y + Qa+lz = b

(1) Prove that (E) has a unique solution ifand only if a= -1 and a=#-3 . Solve (£)
when (£) has a unique solution.

(ii) Suppose that a=-3 . Find & for which (E) is consistent, and solve (£) when (E) 1s

consistent.
(8 marks)
(b) Is the system of linear equations in real variables x, y, z
(x + 2y - z = 3
6x + 15y - 7z = 12
..;‘I
2 + 3y - 3z = =12
4x + Sy - 6z = 1
consistent? Explain your answer.
(3 marks)
(¢) Find the least value of 3x% -7 y* +8z° |, where x, y and z are real numbers satisfying
(x + 2y — z = 3
2x + 3y -~ 4z = 4,
x -y + 5z =9
{4 marks)
8. et neNV{1} .
& ke (n-Dr
(2) (1) Prove that sin— ) sin— =sin
e 7 2n
. 2 ., 2« = . T
(ii) Let a =cos—+isin— . Prove that Z la” —1|=2¢cot— .
n H = 2n
(8 marks)
(b) Suppose that feC suchthat 8" =1 and ﬁkil tforall k=1,2,....n-1.
(i) Prove that 1, 8, 8%, ..., 8" are all distinct.
2n—1
(i)  Find ) |B*-1].
k=1
‘ (7 marks)
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9, (a) Let A >1. Prove that (l+x)‘1::-1+/1x forany x>0 .

{3 marks)
1 n 1 A+l
(b) For any positive integer », define a, :[1 +——) and b, = [1 +-—] .
" n
(i) Using (a), or otherwise, prove that a,,, >aq, .
(11) Prove that
1
0 by [y, _ ] (n-{-l}}
b, nin+2) n+2
(2) % >1 .
bﬂ+l
(iii) Using (b)(1) and (b)(11)(2), prove that both lim g, and lm b, existand
H=>»00 H—0

hma, =1limb, .

H—> P =l
(iv)  Find H a, and ku .

k= k=1
Hence prove that (n+1)""' > nle" > (n+1)" , where e= lim a, .
>
(12 marks)

10. Let f(x) and g(x) be polynomials with real coefficients such that (f(x))* —1= (x* —I)(g(.::r:))2 . Itis
given that the degree of {(x) is n, where neN .

(a) Find the degree of g(x) .

(2 marks)
{(b) Prove that f(x) and g(x) have no non-constant common factors.

(3 marks)
() Prove that {'(x) is divisible by g(x} .

(3 marks)
(d)  Using (), prove that 72((f(x))? —1)=(x* ~D)(F'(x))? .

(4 marks)

Fl
{e) Denote the roots of the equation f(x)=0 by o,,a,,...,a, . Evaluate Z o .
k=1
(3 marks)
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(2)

(b)

(c)

Let l+l:l , where r>1 and s>1 .

.8

(1) Let z4 and u, be positive real numbers.
1
(1) By differentiating f(x) = ggx + i, (1—x") ’ , prove that
1 1

¥

wx+ (1= x5) < (" + ) forall xe(0,1) .

1 1
F |
(2)  Using (a)(i)(1), prove that 44, + iy < (" + ") (4" +2,")" for any

positive real numbers A, and A, .

n i [ 7 &
(ii) Using (a)(i)(2), prove that Z a.b, < {Z a, J [Z bf] for any positive real
k=1

k=1

numbers a;,ay,...,8,,5,09,..., b, .
(9 marks)

: 1-p
Suppose that 0 < <1 . Using (a)(ii), prove that Z xkl_’ﬁ < n” [ xk} for any positive
k=1 1

-
I

real numbers x;,x,,...,x

.I:.T L]

(3 marks)
1331 %
Using (b), prove that » (2k-1)" < 14641
k=1
(3 marks)
END OF PAPER
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FORMULAS FOR REFERENCE

sin(A+ B) =sin Acos B*cos Asin B

cos{A+ B)=cos Acos B+sin Asin B

+
ACA L) =LA L P
l+tan Atan B

sin A+sin B =2sin A+Bcns A;B
sin A—sin B =2 ¢o0s A+Bs'm A;B
cos A+cos B =2cos A+Bcﬂs A8

2 2

A . g
cos A—cos B=-2sin +Bsm AEB

2sm Acos B =sin( A+ B)+sin( A — B)
2¢c0s Acos B=cos(4+ B)+cos(4—B)

2sin Asin B = cos(4— B)—cos(4+ B)




SECTION A (40 marks)
Answer ALL questions in this section.
Write your answers in the AL(E) answer book.

L.

It is given that f:R — R is a differentiable function satisfying f(z)=-1 and f'(x)=3 .

Let k& be areal constant and g:R — R be defined by

[ f(x)+x+k when x<m,

glx)=4 .
sin x
when x>rx1.

X =

Suppose that g(x) is continuous at x =7 .

(a) Find k.
(b) [s g(x) differentiable at x =x ? Explain your answer,
(6 marks)
7 R
(a) Prove that o sift x = §in [T + x] for any positive integer # .
(b)  Let f(x)=—>
1+4x”
() Prove that £7*2(0) = —4(n + 2)(n+ D™ (0) - sin 1‘25 for any positive integer # .
(i1) Evaluate £(0) .
(7 marks)
Let = I Y iy and J = I _ %  4x . Find
3sinx+4cosx 3sinx+4c¢osx
(a) 3/+4J ,
(b) 47 -3J ,
(c) [ .
(5 marks)
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43 1 x+1

4, (a) Using the substifution x=—+tanéd-— , find dx .
Z Z (x2+x+1)\/x2+x+l

3n

&y  Eealuste Tin i+ 1)
nor Lo (k2 4 ko WA + knt

{7 marks)

5 (2)  Find the derivative of vx e2V* .

{(b) Let D be the region bounded by the curve y = e‘E , the straight line x =4 , the straight line
x =9 and the x-axis. Find the volume of the solid of revolution generated by revolving D about

the x-axis.
(7 marks)
: . xt
6. P 1s a point on the ellipse E: 100 + w =1 . The tangent to £ at P passes through the points
A(#,40) and B(-%,0) , where A2>0 .
(a) ¥ind the coordinates of P and the value of 4.
(b) L; 1s the straight line passing through P and perpendicular to the x-axis. L, is another straight
line passing through P such that 4B makes equal angles with I, and with L, .
(1) Find the equation of Z, .
(11) L, cutsthe x-axisat . Is AAPQ aright-angled triangle? Explain your answer.
(8 marks)
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SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.
Whrite your answers in the AL{C) answer book.

7 Let f:R— R bedefinedby f(x)=(6x"+5x+6)e™™ .
(a) Find f'(x) and f"(x) .
(2 marks)
(b) Solve
() f(x)>0 ,
(i1) f(x)>0,
(iii) f"(x)>0.
(3 marks)
(¢) Find the relative extreme point(s) and point(s) of inflexion of the graph of y =1(x) .
{3 marks)
(d) Find the asymptote(s) of the graph of y =1(x) .
(1 mark)
(e) Sketch the graph of y =1f(x) .
(3 marks)
(f) Let n(k) be the number of points of intersection of the graph of y =f(x) and the horizontal
line y=4k . Using the graphof y=1(x), find n{(k) forany keR .
(3 marks)
8. It1s given that f: R — R satisfies the following conditions:
(1) fGr+ ) =£(x) () ~f(x) - £()+2 forall x,yeR ;
(2) there exists a unique real number » such that f(r)=2 .
(a) Prove that f(0)=2 .
(3 marks)
(b) Is f an injective function? Explain your answer.
(3 marks)
(c) [s t asurjective function? Explain your answer.
(3 marks)
(d) Suppose that |in L2 =12 .

>0 h

(1) Prove that f is differentiable everywhere and f'(x)=12f(x)-12 forall xR .

(ii) By differentiating ¢ '** f(x) , find f(x) .
(6 marks)
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9, (2) For each positive integer n, let [, = j e (m—x)" dx .
0

(1) Evaluate 7, .
(11) Express [, ., intermsof 7, .
- 7" I
(1ii) Prove that Z(—l)k —— = (=)' e
— ki n!
{6 marks)
(b) For each positive mteger »n, let q, = :
n!
(1) Provethat g, ,<aq, forall n=3 .
(1i) Using (b)(1), or otherwise, prove that ”11_1}1; a, exists. Also evaluate nh—ﬂa a, .
{5 marks)
% J’Z'k
{c) Using {(a)(ii1), evaluate Z(— 1)* I (4 marks)
k=0 :

10, (a) Denote the closed interval [1,2] and the open interval (1,2) by I and J respectively.

(1) Assume that real-valued functions p and q are continuouson I and q(x) >0 forall
2 x 2 X
xed . Define hi{x)= _fl q(z) dr L p(H)g(r) dr — L p(Hq(r) dt I q(¢) d¢ for all
!
xel .

(1) Find h'(x) forall xeJ.

(2) Using the result of (a)(1)(1) and Mean Value Theorem, prove that there exists
2 - .
[ €J such that J; p(x)q{x) dx = p(5) I q(x) dx .
1

(ii) Let f and g be real-valued functions such that f° and g’ are continuous on I and

f'(x)>0 forall xedJ . Prove that there exists c¢eJ such that

[ £00 20 dr =£2) 2(2) - £01) 80~ () (F2) ~ £V
(9 marks)

(b) (i) Find icnsxm .

IA
| —

2
(i1) Using (a)(ii), prove that -[1 sinx' " dx

(6 marks)
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{
the point A4(2,2) and parallel to the normalto H at T.

1. T [3‘ : -%) is a point on the hyperbola H: xy =2, where 7> 0 . L is the straight line passing through

(a) Find the equation of L .
(3 marks)

(2P -2+ A -1

(b) Prove that the tangent to H at 7 cuts L at the point A 7 a ), { 7 M ;
t +4 t +4

(3 marks)

{c) A point M, other than 4, lieson L such that A7 = MT . Denote the point (-2,-2) by B.

(i) Prove that the distance between B and M is independent of ¢.
(ii) Are B, M and T collinear? Explain your answer. :
(9 marks)
END OF PAPER
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