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Paper I 

1. Let 174 +=α  and 174 −=β . 

 Then α  and β  are the roots of the equation 0182 =−− xx , 

 such that  182 +α=α , 182 +β=β , --- <*> 

   8=β+α  and 1−=αβ . 

 For 1=n , 18 a==β+α  

 For 2=n , 2
2222 66)1(282)( a==−=αβ−β+α=β+α  

 ∴  The statement is true for 1=n , 2. 

 Assume kk
ka β+α=  and 11

1
++

+ β+α= kk
ka  for some positive integer k. 

 Consider 1+= kn , 

  kkk aaa += ++ 12 8   (by definition) 

   )()(8 11 kkkk β+α+β+α= ++  

   )18()18( +ββ++αα= kk  

   22 ββ+αα= kk   (by <*>) 

   22 ++ β+α= kk  

 ∴  The statement is also true for 1+= kn . 

 i.e. By induction, the statement is true for all positive integers n. 
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3. (a) Let 
42)4)(2(
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  Then )2()4()4)(2(1 ++++++= xCxxBxxxA  

  Put 0=x , 2−  and 4− , we have  
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4. (a) Method I 

)2cos(3cos θ+θ=θ  

   θθ−θθ= sin2sincos2cos  

   θθθ−θ−θ= sin)cossin2(cos)1cos2( 2  

   )cos1(cos2cos)1cos2( 22 θ−θ−θ−θ=  

θ−θ= coscos4 3  

  Method II 

  ])Re[()3Re(3cos 3θ=θ=θ ciscis  

   θθ+θ= 23 sincos3cos  

   )cos1(cos3cos 23 θ−θ+θ=  

   θ−θ= coscos4 3  

 

 (b) 1cos6cos8130 33 +θ−θ=+−= xx  

    1)coscos4(2 3 +θ−θ=  

    13cos2 +θ=  

  
2

1
3cos −=θ . 

  
3

2
23

π
±π=θ n  for ∈n Z  

  
9

)26( π±
=θ

n
 for ∈n Z  

  θ= cos2x  

    = 
9

2
cos2

π
, 

9

4
cos2

π
, 

9

8
cos2

π
 

 

 

5. (a) 
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sin

k

k
, where π<θ<0  

  22222 43cossin1 kkk =+=θ+θ=  

  
2

1−
=k  only (since 0sin >θ=−k ) 

 (b) (i) Put 
3

π
=α , 
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  (ii) 
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   which represents a reflection (in the line )
2

tan(
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= xy ). 
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7. (a) (i) coefficient determinant D  

   = 

41

22

110

−λ−

λ

+λ

 

   = )2)(1()24(0 2 −λ−+λ+−λ−−  

   = )2( 23 λ−λ+λ−  

   (1)  Homogenous system (S) has non-trivial solutions 

    ⇔  0=D  

    ⇔  0223 =λ−λ+λ  

   (2) When 1=λ , 0=µ  

    (S): 








=−−

=++

=+

04

022

02

zyx

zyx

zy

. 

    Solving any 2 of the above equations,  

     zx 2= , zy 2−=  

    Solution set ={( t2 , t2− , t): ℜ∈t } 

 (b) (1) Non-homogenous system (S) has a unique solution 

   ⇔  )2)(1()2(0 2 +λ−λλ−=−λ+λλ−=≠ D  

   ⇔  ≠λ 0, 1 and 2−  

   ⇔  2−<λ  or 02 <λ<−  or 10 <λ<  or 1>λ  

  (2) 

4

22

110

2 −λ−µ

µ

+λ

=xD ]4)12([ 2 −λ+µ+λµ−=  

   

41

2

100

2 −µ

µλ
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=yD )1)(1( −λµ+λµ=  
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2

1

2

010

µλ−

µλ=zD )1( −λµµ−=  

   In case of unique solution, 

   
D

D
x

x=
)2)(1(

]4)12([ 2

+λ−λλ

−λ+µ+λµ
=  

   
D

D
y

y
=

)2)(1(

)1)(1(

+λ−λλ

−λµ+λµ
−=  

   
D

D
z z=

)2)(1(

)1(

+λ−λλ

−λµµ
=  

  (3) Case (i) 0=λ : (S) becomes 
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µ
=+
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2
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       which has no solution as 0≠µ  

   Case (ii) 1=λ : (S) becomes 








µ=−−

µ=++

=+

2
4
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02

zyx

zyx

zy

 

       First two equations give  

zx 2+µ= , zy 2−=  

       For consistence,  

        24)2()2( µ=−−−+µ zzz  

        )1(0 2 −µµ=µ−µ=  

        i.e. 1=µ  (and 1=λ ) 

 

 

   Case (iii) 2−=λ : (S) becomes 
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µ=++−

=−

2
42

222
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       First two equations give  

2
2

µ
−= zx , zy =  

       For consistence,  

        
2

4)(2)
2

2( µ=−+
µ

− zzz  

        )12(20 2 +µµ=µ+µ=  

       i.e. 
2

1−
=µ  (and 2−=λ ) 

 

 (b) The given system equals to (S) by putting 1=µ  and 1=λ  

  Solutions are zx 21+= , zy 2−=   (Case (iii) of (a)(ii)(3)) 

  For consistence, 222222 )2()21(231 zzzzyx +−++=++=  

       149 2 ++= zz  

     ∴  0=z  or 
9

4−
 

     i.e. 1=x , 0=y , 0=z  

      or 
9

1
=x ,

9

8
=y ,

9

4−
=z  

 

 

 

 



Suggested Solution for Pure Mathematics 2011    By Y.K. Ng (last update: 8/4/2011)  ykng2007@hotmail.com 

             Page 6 

8. (a) (i) Suppose the converse that P is singular. 

   Then ba
b

a
P +=

−
==

1

1
0 , ba −=  

   But 20 bab −=<  which leads to a contradiction. 
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9. (a) (i) (1) Claim: 0>β≥α nn  for all ∈n Z
+
. 

    Proof: n = 1 is trivial. 

      Assume 0>β≥α kk  for some integer 1≥k  

      * 01 >βα=β + kkk  ( 0, >βα kkQ ) 

      * kkkkkkkk βα−β+βα−α=β−α ++ )(
222

1
2

1  

           0)( 2 ≥β−α= kk  

       ∴  11 ++ β≥α kk  ( 0, >βα kkQ ) 

      i.e. 011 >β≥α ++ kk  

      By induction, 0>β≥α nn  for all ∈n Z
+
. 

   (2) 
22222

1 )( nnnnnnn α−β+βα−α=α−α +  

       0)( ≤β−αβ−= nnn  ( 0>β≥α nnQ ) 

    i.e. nn α≤α +1  

   (3) 
222

1 nnnnn β−βα=β−β +  

0)( ≥β−αβ= nnn   ( 0>β≥α nnQ ) 

    i.e. nn β≥β +1  

  (ii) Now, 1221 ...... α≤α≤≤α≤β≤≤β≤β nn  

   ∴  }{ nα  is decreasing and bounded below by 1β  

    }{ nβ  is increasing and bounded above by 1α  

   ∴  An
n

=α
∞→

lim , Bn
n

=β
∞→

lim  both exist. 

   As nnn βα=β +1 , nn
n

n
n

βα=β
∞→

+
∞→

limlim 1  

    ABB =2 ,  0)( =− BAB  

    BA =  only (since 0limlim 11 >β=β≥β=
∞→∞→ n

n
n

B ) 

  (iii) 11
2

111
2

1
22

)( −−−−−− βα−β+βα−α=β+α nnnnnnnn  

     
2

1
2

1 −− β+α= nn  

     
2

2
2

2 −− β+α= nn  

     ...= 2
1

2
1 β+α=  

   Take limit on both sides, 

    )(lim
222

1
2

1 nn
n

β+α=β+α
∞→

 

      22
BA += 22A=  

   i.e. 
2

lim

2
1

2
1 β+α

==α
∞→

An
n

 ( 0>α n  gives 0lim ≥α
∞→

n
n

) 

 (b) Define 
n

n
y

1
=α  and 

n
n

x

1
=β  for all positive integers n. 

  Then,  (1) 0
11

1
11

1 >β=>=α
xy

 (as 011 >> yx ) 

    (2) For 1≥n , 
nn

nnnn

n
n

yx

yyxx

y

22

1
1

1 +−
==α

+
+  

        
22

111

nnnn xyxy
+−=  

        
22

nnnn β+βα−α=  

       nn

nnn
n

yxx
βα===β

+
+

11

1
1  

  By (a), n
n

α
∞→

lim , n
n

β
∞→

lim  both exist. 

  i.e.  n
n

x
∞→

lim , n
n

y
∞→

lim  both exist. 
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10. (a) Define )0()()( pxpxh −= . 

Claim: 0)( =nh  for all positive integers n. 

  Proof: When 1=n , 0)0()1()1( =−= pph  (given) 

    Assume 0)( =kh  for some positive integers k. 

    Consider 1+= kn ,  

)0()1()1( pkpkh −+=+  

       )0()( pkp −=  

       0)( == kh  (by assumption) 

∴  The statement is also true for 1+= kn  

    i.e. By induction, 0)( =nh  for all positive integers n. 

 

Furthermore, )0()()( pxpxh −=  is a polynomial with finite degree,  

and  0)( =xh  has infinity many distinct roots. 

  ∴  0)( ≡xh  i.e. )0()( pxp ≡  

 (b) (i) Put 1+= kx , )()1()1()1( kfkkfk +=+π−+  

= 0  ( 0)( =kfQ ) 

     ∴  0)1( =+kf  (Q 01 ≠π−+k  for integer k) 

  (ii) Claim: 0)( =nf  for all integers 0≥n . 

   Proof: Put 0=x ,  0)1(0)0( =−⋅=π− ff ,  

        ∴ 0)0( =f  

     Assume 0)( =kf  for some integers 0≥k . 

     By (b)(i), 0)1( =+kf  

∴  The statement is also true for 1+= kn  

    i.e. By induction, 0)( =nf  for all integers 0≥n . 

   Therefore, )1()( −= nfnf  for all positive integers n. 

   i.e. 0)( =xf  for all ℜ∈x  (by(a)) 

 (c) (i) Put 0=x , )1(0)0(3 −⋅=⋅− gg , 0)0( =∴ g  

   Put 1=x , 0)0(1)1(2 =⋅=⋅− gg , 0)1( =∴ g  

   Put 2=x , 0)1(2)2(1 =⋅=⋅− gg , 0)2( =∴ g  

  (ii) Let )2)(1()()( −−⋅= xxxxQxg  for some polynomial )(xQ . 

   Q  )()3()1( xgxxxg −=−  

   ∴  )3)(2)(1()()3)(2)(1()1( −−−⋅=−−−⋅− xxxxxQxxxxxQ  

   ∴  )1()( −= nQnQ  for integers 4≥n  

   ∴  )3()( QxQ =  for all ℜ∈x   (by (a)) 

   i.e. )2)(1()2)(1()3()( −−=−−⋅= xxCxxxxQxg  

    where )3(QC =  is a constant. 
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11. (a) θ−θ=θ−+θ=+= sin2sin))(2Im()Im(0 2 cisciszz )1cos2(sin −θθ=  

  ∴  0sin =θ  or 
2

1
cos =θ  

  ∴  π=θ n  or 
3

2
π

±πn  (where ∈n Z) 

  ∴  0cisz = , πcis , 
3

π
cis  or 

3

π−
cis  

     = 0, 1− , i
2

3

2

1
+  or i

2

3

2

1
−  

 (b) (i) iz
2

3

2

1
1 −= , iz

2

3

2

1
2 += , 

3

2

)
3

(

3

1

2 π
=

π−

π

==ω cis

cis

cis

z

z
 

   12)
3

2
( 33 =π=

π
=ω ciscis  

  (ii) Let kn 3=  where k is a positive integer. 

   
ω−

ω−
⋅ω=ω== ∑

= 1

1 33

1
3

kk

r

r
kn SS  (note 1≠ω ) 

       = 0
1

)1(1
=

ω−

−
⋅ω

k

 

 

 

 

 

 

 

 

  (iii) For 13 += kn  where k is a positive integer. 

    ω=ω+=ω+ω=ω== +

=

+

=
+ ∑∑ 0

13
3

1

13

1
13

k
k

r

r
k

r

r
kn SS  

   For 13 += kn  where k is a positive integer. 

    
2313

3

1

23

1
23

++

=

+

=
+ ω+ω+ω=ω== ∑∑ kk

k

r

r
k

r

r
kn SS  

       1)1(0 22 −ω+ω+=ω+ω+= 11
1

1 3

−=−
ω−

ω−
=  

  (iv) mm SSSSSS )()(2 16703670326693201120102009 +××+× ++=++=  

     = mm )1()01( −ω=ω++−  

   Consider 
mmm

i |
2

3

2

3
||1||)1(|2 +

−
=−ω=−ω=  

       23)
4

3

4

9
(

m

m =+=  

     Which has no solution for integer m. 

  (v) { 21 ,, ++ nnn SSS } = {0, 1− , ω } 

   ∴  
k

n
k

n
k

n SSS 212 ++ ++=  

    kkk ω+−+= )1(02  

   For k is even, kkkk ω+=ω+−+= 1)1(02  

      1=ωk , k should be a multiple of 3. 

      i.e. Nk 6=  where N is a positive integer 

   For k is odd, kkkk ω+−=ω+−+= 1)1(02  

      3=ωk , k has no solution  

since 31|||| ≠=ω=ω kk  

   i.e. Nk 6=  where N is a positive integer 

--- End of Solutions of Paper I --- 
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Paper II 

1. (a) )(lim)0(
0

xff
x −→

=  ∴  )(lim0cos50sin4
3

0

x

x
ek −=+

−→
 

  i.e. 6=k  

 (b) 
x

e

x

e

x

fxf x

x

x

xx

3

0

3

00

1
lim

5)6(
lim

0

)0()(
lim

−
=

−−
=

−

−
−−− →→→

  )
0

0
(  

     3
1

3
lim

3

0
−=

−
=

−→

x

x

e
 

  
x

xx

x

fxf

xx

5)cos5sin4(
lim

0

)0()(
lim

00

−+
=

−

−
++ →→

  )
0

0
(  

     4
1

sin5cos4
lim

0
=

−
=

+→

xx

x
 

  As 
0

)0()(
lim

0

)0()(
lim

00 −

−
≠

−

−
+− →→ x

fxf

x

fxf

xx
 

  )(xf  is not differentiable at 0=x  

 (c) For 0>x , the function has no asymptote. 

  For 0<x , obvious there is no vertical asymptote. 

    Let cmxy +=  be the non-vertical asymptote. 

    
x

e

x

xf
m

x

xx

3

  

6
lim

)(
lim

−
==

∞−→∞−→
  )(

∞

∞
 

       0
1

3
lim

3

 
=

−
=

∞−→

x

x

e
 

    6)6(lim])([lim
3

  
=−=−=

∞−→∞−→

x

xx
emxxfc  

  i.e. the only asymptote is 6=y . 

 

2. (a) 615)5()5( =+==− ff  

 (b)  

 

 

 

 

 

 

 

 

 (c) (i) ))2(())2(()2()2()( +−−−−=−−−+−=− xfxfxfxfxg  

    )()2()2( xgxfxf −=+−−=  

  (ii) 

 

 

 

 

 

 

 

 

 

 

 

 

 

O x 

y 

3 3 

3 

x O 

y 

1 2 5 

5 

4 

3 

2 

–1 –2 

–2 

–5 

–3 

–4 

–5 
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3. (a) )52ln(
2

1
)(ln

2 ++−= xxxf  

  ∴  
52

1

52

22

2

1

)(

)('
22 ++

+
−=

++

+
×−=

xx

x

xx

x

xf

xf
 

  i.e. 0)()1()(')52( 2 =++++ xfxxfxx  

  Method I 

  )()(2)( )]()1[()](')52[(00 nnn xfxxfxx ++++==  

       )()2()()22()()52( )1(
2

)(
1

)1(2 xfCxfxCxfxx n
n

n
n

n −+ +++++=  

     )()1()()1( )1(
1

)( xfCxfx n
n

n −+++  

     )()()1)(12()()52( )1(2)()1(2 xfnxfxnxfxx nnn −+ ++++++=  

  Method II 

  Show by induction. 

 (b) Put 0=x , )1(
4

)1(
)1(

2
)1( −−=− −+ nn

f
n

f  for 1≥n . 

  Further,  
2

1

5)1(2)1(

1
)1()1(

2

)0( =
+−+−

=−=− ff  and  

    0)1(0)1(']5)1(2)1[( 2 =−⋅+−+−+− ff   

∴  0)1(' =−f  

  Then,  )1(
4

5
)1(

)4(
2

)6( −−=− ff  

        )1(
4

3

4

5
)1(

)2(
22

2 −×−= f  

        )1(
4

1

4

3

4

5
)1(

)0(
222

3 −××−= f  

        
2

1

4

1

4

3

4

5
)1(

222
3 ×××−= =

128

225
−  

    )1(
4

6
)1(

)5(
2

)7( −−=− ff  

        )1(
4

4

4

6
)1(

)3(
22

2 −×−= f  

        )1(
4

2

4

4

4

6
)1(

)1(
222

3 −××−= f  

        0=  

4. (a) ∫∫ −=− 3332 9
3

1
9 dxxdxxx  

     ∫ −−
−

= )9(9
3

1 33 xdx  

     Cx +−
−

= 2

3

3
)9(

9

2
 

 (b) ∑
=∞→

−
n

k
n n

k
k

n

2

1
3

3
2

3
9

1
lim  

  ∑
=∞→

−×+−−×+
−

=
n

k
n n

k

n

k

n

2

1

32 )]02(
2

0[9)]02(
2

0[
2

02
lim  

  dxxx 32 

0 

2 9 −= ∫  

  

2

0

2

3

3 )9(
9

2














−

−
= x

9

52
=  
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5. (a) θ+= sin25x , θθ= ddx cos2  

  ∫∫ −+−=−− dxxxdxxx 2110)7)(3( 2  

      ∫ −−= dxx 22 )5(2  

      ∫ θθθ= )cos2(cos2 d  

      ∫ θθ+= d)2cos1(2  

      C+θ+θ= 2sin2  

      C+θθ+θ= cossin22  

      C
xxx

+
−−

×
−

×+
−

= −

2

)5(2

2

5
2

2

5
sin2

22
1  

      C
xxxx

+
−−−

+
−

= −

2

)7)(3()5(

2

5
sin2

1
 

 (b) Volume 

  = ∫π
7 

3 

2 dxy  

  ∫ −−π=
7 

3 
)7)(3( dxxx  

  

7

3

1

2

)7)(3()5(

2

5
sin2













 −−−
+

−
π= − xxxx

 

  22π=  

 

 

6. (a) Put θ= sec6x , θ= tan12y  

  144)tan(sec144tan144)sec36(44 222222 =θ−θ=θ−θ=− yx  

  ∴  P lies on H. 

 (b) (i) 028 =−
dx

dy
yx , 

θ
=

θ

θ
=

sin

2

tan12

)sec6(4

P
dx

dy
 (as 

2
0

π
<θ< ) 

   L: )sec6(
2

sin
tan12 θ−

θ−
=θ− xy  

   Put 0=y , θ= sec30x ; put 0=x , θ= tan15y  

   i.e. x-intercept = θsec30 , y-intercept = θtan15  

  (ii) 150 = Area = θθ=θ×θ tansec15tan15sec30
2

1 2
 (as 

2
0

π
<θ< ) 

   
θ

θ
=θθ=

2
cos

sin
tansec

3

2
 

   )2)(sin1sin2(sin3)sin1(20 2 +θ−θ−=θ−θ−=  

   
2

1
sin =θ , 

6

π
=θ  

   ∴  P = ( θθ tan12,sec6 ) = ( 34 , 34 ) 
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7. (a) 
102

)1(2
)('

2 +−

−
=

xx

x
xf , 

22 )102(

)2)(4(2
)("

+−

+−−
=

xx

xx
xf  

 (b) (i) ℜ∈x  

  (ii) 1>x  

  (iii) 42 <<− x  

 (c) min pt. = (1, )1(f ) = (1, 9ln ) 

  Point of inflexion = ( 2− , )2(−f ) and (4, )4(f ) 

     = ( 2− , 18ln ) and (4, 18ln ) 

 (d)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (e) 18ln)( =xf  gives 2−=x  or 4 

  Area = −× 18ln6 ∫−
4 

2
)( dxxf ∫− +−−=

4 

2

2 )102ln(18ln6 dxxx  

   [ ] ∫−−
+−

−
++−−=

4 

2 2

2
4 

2
2

102

)(2
)102ln(18ln6 dx

xx

xx
xxx  

   ∫− +−

−++−
=

4 

2 2

2

102

)10()102(
2 dx

xx

xxx
 

   ∫− +−

−
+=

4 

2 2
102

202
12 dx

xx

x
 

   ∫− 








+−
−

+−

−
+=

4 

2 22
102

18

102

22
12 dx

xxxx

x
 

   [ ] ∫−−
+−

−+−+=
4 

2 22

4 

2
2

3)1(

1
18)102ln(12 dx

x
xx  

   

4 

2

1

3

1
tan

3

1
1812

−

−







 −
×−=

x
 

   π−= 312  

 

 

 

 

 

 

 

 

 

 

(1, 9ln ) 

( 2− , 18ln ) (4, 18ln ) 

O 

x 

y 
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8. (a) (i) ∫∫

ππ

++

=
+

2

0
22

2

0

2
sin

2
sin

2
cos2

2
cos

1

sin1

1
dx

xxxx
dx

x
 

       ∫

π

+

=
2

0
2

)
2

sin
2

(cos

1
dx

xx ∫

π

+

=
2

0
2

2

)
2

tan1(

2
sec

dx
x

x

 

       ∫

π

+

+

=
2

0
2

)
2

tan1(

)
2

tan1(

1
2

x
d

x
 

       

2

02
tan1

1
2

π



















+

−
=

x
 = 1 

  (ii) 1
2

)
sin1

1
1(

sin1

sin 2

0

2

0
−

π
=

+
−=

+ ∫∫

ππ

dx
x

dx
x

x
 

 (b) ∫∫∫
π

π

π
π

+=
 

2
 

2
 

0 

 

0 
)()()( dxxfdxxfdxxf  

    ∫∫ π

π

−−π+=
0 

2
 

2
 

0 
)()()( udufdxxf   (put xu −π= ) 

    ∫∫

ππ

−π+= 2
 

0 

2
 

0 
)()( duufdxxf  

    ∫

π

= 2
 

0 
)(2 dxxf      ( )()( xfxf =−π ) 

 

 (c) ∫∫ π

−ππ
−+−π=+

0 

 

)cos( 

0 

cos )()1ln()()1ln()( udeugdxexg ux  

      ∫
π

+−=
 

0 cos
)

1
1ln())(( dx

e
xg

x
 

      ∫
π

+−=
 

0 

coscos )]1ln()[ln( dxeexg xx  

      ∫∫
ππ

+−=
 

0 

cos 

0 
)1ln()(cos)( dxexgxdxxg x  

  ∴  ∫∫
ππ

=+
 

0 

 

0 

cos cos)()1ln()(2 xdxxgdxexg x  

  i.e. ∫∫
ππ

=+
 

0 

 

0 

cos
cos)(

2

1
)1ln()( xdxxgdxexg

x
 

 (d) ∫
π

+
+

 

0 

cos

2
)1ln(

)sin1(

cos
dxe

x

x x  

  ∫
π

+
=

 

0 2
cos

)sin1(

cos

2

1
xdx

x

x
  (by (c), setting 

2)sin1(

cos
)(

x

x
xg

+
=   

        such that )()( xgxg −=−π ) 

  ∫

π

+
×= 2

 

0 2

2

)sin1(

cos
2

2

1
dx

x

x
  (by (b), setting 

2

2

)sin1(

cos
)(

x

x
xf

+
=   

        such that )()( xfxf =−π ) 

  ∫

π

+
+

= 2
 

0 2
)sin1(

)sin1(

cos
xd

x

x
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  ∫

π

+
−= 2

 

0 sin1

1
cos

x
xd   

  ∫

ππ

+
−









+
−=

2
 

0 

2

0 sin1

sin

sin1

cos
dx

x

x

x

x

2
1

π
−=  

9. (a) (i) (1) 




 += ∫

x
dttgtfxgxxf

dx

xdF  

0 
)()()()(

)(
 

      




 +− ∫∫

xx
dttgxfdttfxg

 

0 

 

0 
)()()()(  

      




 += ∫∫

xx
dttgtfdtxgxf

 

0 

 

0 
)()()()(  

      




 +− ∫∫

xx
dttgxfdtxgtf

 

0 

 

0 
)()()()(  

     ( ) ( )[ ]∫ −+−=
x

dtxgtftgtftgxfxgxf
 

0 
)()()()()()()()(  

     ( ) ( )[ ]∫ −−−=
x

dttgxgtftgxgxf
 

0 
)()()()()()(  

     ( )( )∫ −−=
x

dtxgtgxftf
 

0 
)()()()(  

 

 

 

 

 

 

 

   (2) Claim: ( )( ) 0)()()()( ≥−− xgtgxftf   

      for 0≠x  and t lies between 0 and x. 

    Proof: (I) For xt <<0 ,  

       )()( xftf ≤  and )()( xgtg ≤  

        (Q  both are increasing) 

       ∴  ( )( ) 0)()()()( ≥−− xgtgxftf  

      (II) For 0<< tx , 

       )()( tfxf ≤  and )()( tgxg ≤  

        (Q  both are increasing) 

       ∴  ( )( ) 0)()()()( ≥−− xgtgxftf  

     

    For 0>x , ( )( ) 0)()()()(
)(  

0 
≥−−= ∫

x
dtxgtgxftf

dx

xdF
 

    For 0=x , ( )( ) 0)()()()(
)(  

0 
=−−= ∫

x
dtxgtgxftf

dx

xdF
 

    For 0<x , ( )( ) 0)()()()(
)(  

0 
≤−−= ∫

x
dtxgtgxftf

dx

xdF
 

    Least of )(xF  

    = 0)0( =F  

  (ii) 0)0()1( =≥ FF , i.e. ∫∫∫ ≤









 1 

0 

1 

0 

1 

0 
)()()()( dttgtfdttgdttf  

      i.e. ∫∫∫ ≤









 1 

0 

1 

0 

1 

0 
)()()()( dxxgxfdxxgdxxf  
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  (iii) n =1, the statement is trivial. 

   Assume ( )∫∫ ≤




 1 

0 

1 

0 
)()( dxxfdxxf

k
k

 for some positive integer k. 

   










=





 ∫∫∫

+
1 

0 

1 

0 

1
1 

0 
)()()( dxxfdxxfdxxf

kk

 

        ( ) 









≤ ∫∫

1 

0 

1 

0 
)()( dxxfdxxf

k
 

       (by assumption and noting that both integrals  

       are positive as 0)( >xf ) 

         ( )∫ ⋅≤
1 

0 
)()( dxxfxf

k
 (by (a)(ii), ( )k

xfxg )()( =  

          such that ( ) 0)(')()('
1 ≥= −

xfxfkxg
k

) 

         ( )∫
+=

1 

0 

1
)( dxxf

k
 

   ∴  By induction, the statement is true for all positive integers n. 

 (b) 
2011

1 

0 

2011
3 

2
)5()25()( 




 −=





 ∫∫− uduhdxxh  (put 25 −= ux ) 

     
2011

1 

0 

2011 )25(5 




 −= ∫ duuh  

     ( )∫ −≤
1 

0 

20112011 )25(5 duuh  (by (a) and noting that  

          )(xh  is increasing  

          continuous function and 

          0)( >xh ) 

     = ( )∫
1 

0 

20112010 )(5 dxxh   (put 25 −= ux ) 

10. (a) Note that 0)()1()( >−=−=−−=+−=− abssasbsabttbsabub  

  and  0)()1()( >−=−=−−=−+=− abttatbastbatbsaau  

  (i) )('
)()(

)(

)()(
1ξ=

−

−
=

−

−
f

ub

ufbf

abs

ufbf
 where bu <ξ< 1  

          )(' uf≤  ( )(' xfQ is decreasing) 

   )('
)()(

)(

)()(
2ξ=

−

−
=

−

−
f

au

afuf

abt

afuf
 where ua <ξ< 2  

          )(' uf≥  ( )(' xfQ is decreasing) 

   i.e. 
)(

)()(
)('

)(

)()(

abt

afuf
uf

abs

ufbf

−

−
≤≤

−

−
 

  (ii) 
)(

)()(

)(

)()(

abt

afuf

abs

ufbf

−

−
≤

−

−
  (by (a)(i)) 

   )]()([)]()([ afufsufbft −≤−  ( 0,, >− abtsQ ) 

   )()()()()( )( tbsafufuftsbftafs +==+≤+  

 (b) Case (1) kh = :  

LS= qkphhqphhkh qpqp +=+=== + )( =RS 

  Case (2) Without loss of generality, we assume kh < : 

    Set xxf ln)( =  for all ℜ∈x  such that  

    )(xf  is twice differentiable and  

0
1

)("
2

≤
−

=
x

xf  for all ℜ∈x  

    By (a)(ii), )()( )( qkphfkfqhfp +≤+  

      )ln(lnln qkphkqhp +≤+  

      )ln(ln qkphkh qp +≤  

     i.e. qkphkh qp +≤   ( xey =  is increasing)  
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 (c) 1=n , LS= 1111
1 xxx λ==λ

 as 11 =λ . 

  Assume the statement is true for some positive integer k. 

  Consider 1+= kn , 

  1121
1121 ... +− λ

+
λλ

−
λλ kkk

kkk xxxxx  (where 1... 121 =λ++λ+λ +k ) 

  = 11

1

1121 )(... 1121
++

+

+− λ+λλ+λ

λ

+
λ+λ

λ

λ
−

λλ kkkk

k

kk

k

k

kkk xxxxx  

  ))((... 1

1

1
11112211

+

+

+ λ+λ

λ

+
λ+λ

λ

+−− λ+λ+λ++λ+λ≤ kk

k

kk

k

kkkkkk xxxxx  

   (by assumption and notice that 1)(... 1121 =λ+λ+λ++λ+λ +− kkk ) 

  112211 ... −−λ++λ+λ≤ kk xxx  

    ))(( 1
1

1

1
1 +

+

+

+
+

λ+λ

λ
+

λ+λ

λ
λ+λ+ k

kk

k
k

kk

k
kk xx  

   (by (b) and notice that 1
1

1

1

=
λ+λ

λ
+

λ+λ

λ

+

+

+ kk

k

kk

k
) 

  11112211 ... ++−− λ+λ+λ++λ+λ= kkkkkk xxxxx  

  ∴  The statement is also true for 1+= kn  

  i.e. By induction, the statement is true for all positive integers n. 

 

 

 

 

 

 

 

 

 

11. (a) :1P xy 42 = , 42 =
dx

dy
y , 

ssdx

dy

ssS

1

2

2

)2,( 2

==  (note 0≠s ) 

  L: 22 )2()( sssssyx −=−=− , i.e. 02 =+− ssyx  

 (b) (i) 






=

−=

xyP

ssyxL

8:

   :

2
2

2

 

   08)8( 22 =+− sysy  has roots α4  and β4 . 

   ∴  
4

1
)44(

4

1
=β+α=β+α (sum of roots) ss 2)8(

4

1
==  

    
16

1
)44(

16

1
=β⋅α=αβ (product of roots) 

2
)8(

16

1 2
2 s

s =  

  (ii) Note: 0
2

2

>=αβ
s

, ∴  0, ≠βα  

Let km  be the slope of the line kL . 

   :2P xy 82 = , 4=
dx

dy
y  

   
α

=
α

==
1

4

4
1

A
dx

dy
m , 

β
=

β
==

1

4

4
2

B
dx

dy
m  

   (1) 
21

21
2

21

21

21

1

4)(

1
tan

mm

mmmm

mm

mm

+

−+
=

+

−
=θ  

     

αβ
+

αβ
−

αβ

β+α

=
1

1

4
)( 2

1

4)(
2

+αβ

αβ−β+α
=  
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1
2

24
2

22

+

−
=

s

ss

2

22
2 +

=
s

s
 (as 0>s ) 

   (2) 

2

2

   
2

2
   

2
tan

22
⋅

≤
+

=θ
s

s

s

s
  (by A.M. ≥ G.M.) 

       = 1 

    ∴  greatest value of θ  is 
4

π
 

  (iii) (1) :1L  22 2)4(2 α−=αα−α=α− yx  

    :2L  22β−=β− yx  

    ∴  2
2

2

2
)(2

1

1

2

2

sx =αβ=
β−α

β−ααβ
=

β−

α−

β−β−

α−α−

=  

sy 4)(2
)(2

1

1

21

21

222

2

=β+α=
β−α

β−α
=

β−

α−

β−

α−

=  

    i.e. C = ( ss 4 ,
2

) 

   (2) Let C = (x, y) 

    Then, 






=

=

sy

sx

4

2

. Eliminating s, we have xy 162 =  

 

--- End of Solutions of Paper II --- 

 

 

 

 

 

 


