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This paper must be answered in English

1. This paper consists of Section A and Section B.

2. Answer ALL questions in Section A, using the AL(E) answer book.

3. Answer any FOUR questions in Section B, using the AL(C) answer book.
4, Unless otherwise specified, all working must be clearly shown.
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FORMULAS FOR REFERENCE

sin(A+ B) =sin Acos Bt cos Asin B

cos(4 + B) =cos Acos B¥sin Asin B

mn(Aim:%

sin A+sin B =2sin A+B cosA_B
sinA—sinB=2cosA+Bsin.fi__B
cosA+cos B =2cosA+B cos%
cos A—cos B=—2sin A+Bsin A;B

2sin Acos B =sin( 4+ B) +sin(4 - B)
2c0s Acos B = cos(4+ B)+cos(A— B)

2sin Asin B = cos(4 - B) —cos(A + B)
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SECTION A (40 marks) 4. Let A be the matrix representing the rotation in the Cartesian plane anticlockwise about the origin by
Answer ALL questions in this section. 120° .
Write your answers in the AL(E) answer book.

(a) ‘Write down the matrix 4 .

1. Denote the coefficient of x* in the expansion of (1+x)" by Cj . (b) For every positive integer 7, let T, be the transformation represenied by A" . Ttis given that

T, transforms the point P to the point (4, 2«/5 ).
(a) Let m be a non-negative integer with m<n . Using (I+x)"(1+x)" =(1+x)"™" , prove that

Z i Find the coordinates of P.
ZC{' P e =Cl" forall r=m,m+1,...,n. ®
k=0

(ii) Describe the geometric meaning of the transformation T, .
99
ZCZ“’ C},‘l? (iii) Is there a transformation 7, which transforms P to the point (3, 53 ) ? Explain your
) Using (a), or otherwise, evaluate £50——— . answer.
Z 029 C}‘on (7 marks)
£=0
(6 marks)
5. Let S={zeC:3|z-2i|=|z+8-2i|}.
() Prove that S is represented by a circle on the Argand diagram. Also find the centre and the
radius of the circle.
Tx+9 : : .
2. @ Resolve EDEed) into partial fractions. ® On the Argand diagram, P is the point representing the complex number —7+17/ and ) isa

point representing any z e S . Find the longest distance between P and Q.

n c (7 marks)

Tk+9 : B D
Express —————— in the f& A+ —— —
(b) Xp! ; K+ D% +3) e form +n+1+n+2+n+3 , where 4, B, C and D

are constants,

© Eval Z Tk+9
k=5

= k(k+1)(k+3)
{7 marks)
6. Let &, f, y and & be positive real numbers.
(a) Using Cauchy-Schwarz’s inequality, or otherwise, prove that
(M (a+fry+8)sa@ +p7+y7+67),
(ii) @+ 48 < (@4 fry+8)a+ B +y +6%) .
. a+fiy+s P+ +yi 8
3. () Let a, b and ¢ be three numbers such that a+b+c=0 . Prove that a® +&° +¢® =3abc . (b) Using (a), prove that S L il
4 a‘+ By 4o
®) Using (a), solve the equation (x—2\/5+5«/§)3 —(3x+6«/§—7\/§)3 +8(x+4ﬁ—6J3_)3 0. Write down a necessary and sufficient condition for the equality to hold.
{7 marks)
(6 marks)
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SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.
Write your answers in the AL(C) answer book.

7. (a) Consider the system of linear equationsin x, y, z
x + (@+2)y + (a+D)z = 1
E)y: 4 x - 3y - z = b, where a,beR .
3x - 2y + (a-Dz = 1

@) Prove that (E) has a unique solution if and only if a” =4 . Solve (E) when (E) has
a unique solution.

(i) For each of the following cases, find the vaiue(s) of b for which () is consistent, and
solve (£) for such value(s) of & .

M  a=2,
@) a=-2.
(11 marks)
(b) Find the greatest value of 2x%+15y2 ~102% , where x, y and z are real numbers satisfyin
g
x + 4y + 3z =1
x — 3y - z = 0.
3x — 2y + z =1
(4 marks)
8. Denote the 2x2 identity matrix by .
{(a) Let M =(P a9 } , where p, g and r are real numbers.
P
[6)] Evaluate M7 .
(ii) Let s be areal number. Prove that if ‘u2 +gr=1, then for any positive integer #,
m o 1\2n 0 2
(M +sD)™ _(s+D 2(s )] M+(s+l) +(s-1) IS
(7 marks)

et 4= 3
® 4 ATl )

B

(6] Express 4 in the form [a )+;1[ , where @, B, y and g are real numbers.
4

(ii) Evaluate 4% .

(i)  Using the result of (b)(ii), of otherwise, evaluate (4~)** .

(8 marks)
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9. Let {xn } and {y, } be sequences of real numbers, where x; =2 , y1 = 8 and
2 2 2,,2
Xpal 2 Yn 2% y; +x"¥" and  yu. X IV forall n=1,2,3,... .
X, +Yy, Xp+Vn

(5> =3 Y = V)

a Provethat X, — Ypu =

@ T (v 4 )

(b) Prove that
@) X, S Vn s
(i) Xpp1 Z Xy
i) Ypu <yn -

(c)  Provethat {x,} and {y,} convergeto the same limit.

(d) Prove that x,y, is independent of 7.
Hence, or otherwise, find lim x, .

n—>o
10. Let p(x) be a polynomial of degree & with real coefficients satisfying the following conditions:

m p(x)=px-D+x'® forall xeR ;
2 p)=1.

(@ Find k and the coefficient of x* in p(x) .

(b) Find p(0) and p(-1) .

() Prove that p(x)+p(-x~1)=p(x ~1)+p(-x) forall xe R .
Hence, prove that p(n)+p(-»n-1)=0 for all neN .

{d) Prove that p(x)+p(-x-1)=0 for all xeR .

(e) Prove that p(x) isdivisibleby x(x+ D2x+1) .
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{2 marks)

(5 marks)

(4 marks)

(4 marks)

(2 marks)

(4 marks)

(3 marks)

(3 marks)



11.

(a) (i Prove that Jﬁ is an irrational number.

(i) Using (a)(i), prove that if m and » are integers such that m+af10 =0 , then

m=n=0.
(4 marks)
(b) Prove that for any positive integer n, there exists a unique pair of positive integers a, and b,
such that (3++10)" =a, +5,4/10 and (3-+10Y" =a, 5,410 .
(6 marks)

©) For every positive integer 7, define x, =(3+ \/E)" . Prove that for any positive integer 7,
the greatest integer less than x,,_; is an even number and the greatest integer less than x,, is

an odd number.
(5 marks)

END OF PAPER
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This paper must be answered in English

1. This paper consists of Section A and Section B.

2. Answer ALL questions in Section A, using the AL(E) answer book.

3. Answer any FOUR questions in Section B, using the AL(C) answer book.
4. Unless otherwise specified, all working must be clearly shown.
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FORMULAS FOR REFERENCE

sin(A4 + B) =sin Acos B cos Asin B

cos(A4+ B)=cos Acos BFsin Asin B

tan Axtan B

tan(A+ By= ————
1¥tan Atan B

\ . B -
sin A +sin B =2sin A; cos A2B

sin A—sin B=2cos A;Bsin A-E

B

-8B
2

A
cos A+cos B=2cos +B

Cos

. B . A-
cosA—cosB=—251nA; sin ZB

2sin A cos B =sin(A+ B) +sin(A4 -~ B)
2cos Acos B = cos(4 + B) +cos(4— B)

2sin Asin B = cos(A— B) —cos(4+ B)

SECTION A (40 marks)
Answer ALL questions in this section.
Write your answers in the AL(E) answer book.

1. (a) Prove that lim xcos—l‘ =0.
- x
x* c:osl
(b) Evaluate lim
x>0 tanx
(6 marks)
2. Let a and b bereal constantsand f: R — R be defined by
2tall-x o co,
x
f(x)=
1+btan% when x20.
Ttis given that f(x) is continuousat x=0 .
(a) Prove that a=-2 .
(b) Furthermore, f(x) is differentiableat x=0 . Find & .
(7 marks)
3 . . d sinx
3 (@) Let f:[-1,11> R be a continuous function. Find & .[o f(r)de .
sin x C052 t
(b Let g(x)= J- ———dr . Evaluate g'(7) .
0 2+t
sinx
(©  Let h(x)= J. SOSXCOS! 4y . Evaluate h(r) .
0 2+t
(7 marks)
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4, (@
()
5. @
®)

@  Find J.

1+4x?

(ii) Using the result of (a)(i), or otherwise, find jln( 1+ 4x2) dx .

2n 2
Evaluate hml Z In| 1+ik2— .
e n

(7 marks)

Find J. yy1-37dy .
1 1
Let D be the region bounded by the curve x=y 2 a- y2)4 and the y-axis. Find the volume

of the solid of revolution generated by revolving D about the y-axis.
(6 marks)

2 2
6. Let P be the point in the first quadrant at which the ellipse E: ;—5+ T—ﬁ =1 and the straight line
L : x=3 intersect.
(a) Find the coordinates of P .
(b) Let L, be the straight line passing through Q(-3,0) and perpendicular to the tangentto £ at
P.
(i) Find the equation of L, .
(ii) Let R be the point of intersection of L; and L, . Is APOR isosceles? Explain
your answer.
(7 marks)
2008-AL-P MATH 24

SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.
Write your answers in the AL(C) answer book.

7. Let f:R—>R bedefined by f(x)=(2x>~14x+25) .

(@

(®)

©

CY

©

®

(U]

Find f'(x) and £"(x) .

(2 marks)
Solve each of the following inequalities:
) f(x)>0,
(ii) f'x)>0,
(iif) f'(x)}>0 .

(3 marks)
Find the point(s) of inflexion of the graph of y =f(x) .

(2 marks)
Find the asymptote(s) of the graph of y=£(x) .

(2 marks)
Sketch the graph of y=1(x) .

(2 marks)

Find the area of the region bounded by the graph of y =f(x) , the straight line y=¢° and the
y-axis.

(4 marks)
For every non-negative integer #, define 7, = J.” xsin” xdx . Prove that
0
. n+l
® Lyn = mln B
(ii) 0< 12n+2 S12n+1 < IZn H
(iii) lim Lona1 =1,
nw L,
) @)zt 27" () &
iv Iy, =——>""—"— and I =22 7
( ) 2n 22,,+1 (n!)z 2n+1 (2n + l)!
(12 marks)
n 2
Using (a), or otherwise, evaluate lim 2 .
noo 4 2n +1(2n)!
(3 marks)

2008-AL-P MATH 2-5



9. (a)

®)

©)

@

®)

©

O

2008-AL-P MATH 2-6

Let f: R— R be a continuous function.

0 1
()  Using integration by substitution, prove that j' _ f@dr= jo f(-x)dx . .

1
(ii) Using (a)(i), prove thatif f(x) is an odd function, then j . f(x)dx=0 .
(3 marks)

Let g: R—> R bea function with derivatives of any order. Suppose that g(-x)+ g(x)=1 for
allxe R .

1 1
i Prove that lg(x)dx=— .
(i) rove tha I-1 x“g(x) 3

(i) Prove that g""D(x) is an even function and g*(x) is an odd function for any

1
positive integer » . Hence, prove that [ x"2g™M(x)dx =0 for any positive integer n.

(7 marks)

Let g:R—>R and G:R—>R bedefinedby g(x)= 1—17 and G(x)= xsg(x) . Using (b),
+e

1
or otherwise, evaluate I . ** G"'(x)dx .

(5 marks)

o 3 -3 .
It is given that P(Bt ,-t-) and R(—;-, - 3tJ are two distinct points on the hyperbola H: xy =9 , where

t#-1,0 and 1 . Thetangentsto H at P and R intersect at the point O while the normalsto H at P

and R intersect at the point S.

(2)  Find the coordinates of Q.
(4 marks)

®) @

Find the equation of the normal to H at P.

(i)  Prove that the origin lies on the straight line passing through Q and S.
(6 marks)

© @ Provethat P, O, R and § are concyclic.

(i)  Is there a value of 7 such that the origin is the centre of the circle passing through P, Q, R

and S ? Explain your answer.
(5 marks)

END OF PAPER
10. Let f:R* > R* bedefinedby f(x)= J': 4 g4 , where R* is the set of positive real numbers.

Find f'(x) .

(1 mark)
()  Provethat f(x)s J': a2 g
(if) Using the substitution ¢’ = 4= | o1 otherwise, find J‘x 412 gy

0

(6 marks)
(i) Is f an injective function? Explain your answer.
(ii) Is f asurjective function? Explain your answer.

(4 marks)
Let g: R —R* be afunction such that g(log, x)=f(x) forall xe R*.
Does the graph of y =g(x) have an extreme point? Explain your answer.

(4 marks)
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