Paper 1

Marking Schemes

1. @ (+x)"=CJ+Clx+Cix*+.. 4 CMx"

(i)

(i)

i(]+x)” di(CO+C1x+C2x +- +C;’x")

n(l+x)" 7 =CF +2C0x +3CIx2 +---+nCMx"!

n-1
IM accept (1+4)"' = ZC,?":”
k=0

M

H

nin=1! (r+n!
An=1=r)  (r +D)i(n-r—1)!

forall r=0,1,...,n-1,

Note that nC"' = =(r+1)C7,

n(l+x)*!
=n(c6!—l x+Cﬂl 2 +Cﬂl Hl)

=nCy™" + nC] ‘x+nC£’ el 4 nCi !

=Cl +2Cx+3CTx? + -+ nCMx™!

IM

farxrax= I(C0+C|x+C2x 4o+ Cx") dx

1 n+l " n n
£—irL=C5'x+C1 x* +gx3+---+ Cr x4 4,
n+l 2 3 n+l

where A is a real number independent of x .

Putting x=0 ,we have A=—o-
n+l

n+l n n h
Thus, we have -(-l-i:-—-l—-+ch+c—'x2+—c—3-x3+---+ Co_ ol
n+l n+l 2 3 n+l

n+l n n n
e (o G B, G
dxi n+l 2 3 n+l

=(1+x)" —(C§ +CVx +C3x? + -+ Clx™)
=0
n+l n n n
Lt =C{}’x+C' (A SO S B ,
n+l 2 3 n+l
where A is a real number independent of x.

So, we have

Putting x=0 ,wehave A=-—— .
n+l

Thus, we have +Cix+—=L S i SV S B

n+l n+l 3 n+l

Q™ 1 SRR Cp_ i

M

J:(l roy'de = j':(c;; SO+ CIE 4 £ )

X

nel |* n n
(1 +f) - Corrr +C—lt2 +=2 CZ 1'3 +. Cn f"”
n+l 2 3 n+1 o

n+t n n n
ey 1 =ng+—q2‘—x2+c—2x3+---+ Co_ynet

n+l n+1l 3 n+l

" n
1 G2, 5, G

n+l _n+] 2 3 n+l

M




n+l | 1 n
Note that G (n+1)! = n L
n+l (n+Drt(n+l-r)! r(r-1MNn-r+1)! r

forall r=1,2,...,0+1.

1+ x)"!

n+l

n+l Cn+l Cn+1 Cn+1
=0 ol 22 2 mel el
n+l  n+l n+l1 n+l

1 n G 2.0 3  n+l
=—+Cpx+—x"+—=x +-- + x
n+l 2 3 n+l

IM

{1+ x)™1
n+l1

b n( +x)""[

n

n h
=(C) +2Cyx+3CTx? +---+anx"'l)[—1—+C3x+—q21—x2 -+-%2—J|r3 +---+C—"x"+lJ

n+l n+l

=(C +2CHx+3CTx% +- +nCIx™) L+C,,',',\<+L"Jc2+-a—"-7—2—x3+-~+ 2
n+l 2 3 n+l

1+ x)"*!

n+l

Note that n(]+x)"']( ]: 7 1+ x* .
n+1

By comparing the coefficients of x" in both sides, we have
ny2 ny2 na2 ny2

(N (D (=Y WP ) I
n n-1 n-2 I n+l
ny2 ny2 nyl ny2 '

() + 2Cy) + 3C3) R n(Cy,) _ n(2n)! -
n n—1 n—-2 1 {(n+1}(n")

I"H]

IM

— )




2. {a) Let f(x)=(x-1}¥x-3)q,(x}—2x+5 for some polynomial q;(x) .
Then, we have f(l)=-2()+5=3 .

1M for using Diviston Algorithm----

1A

Let f{x)={(x-1)x~3)q,{x)—2x+5 for some polynomial q,(x) .

So, when f(x) isdividedby x-1, the remainderis 3.

Then, f(x)=(x—1)(x - 3)q(x) =20 ~ 1} +3 = (x —(x - Dq,(x) = 2)+3 .

Thus, we have f(1)=3 . 1A
(by (i) Let f(x}={x-D{x-2)q,(x)+kx+8 for some polynomial q(x) . | ===========m----omoo-—mamoonm-
By (a), we have f(1)=3 .
So,wehave k+8=3 . 1M for using (a)
Thus, we have k=-5 . 1A

(ii) Note that the required remainder is (f (2))200? .
By (b)(i}, we have f(2)=2k+8=-10+8=-2 .

So, we have (F(2))*"7 =(-2)"7 =277 .

Thus, the required remainder is - 22907

IM for attempting to find £(2)

1A accept -2y

)



(2)

(b)

(iy Let ! =&+ €2 + 5

x(x+Dx-1) x x+1 x-1~
I=CGlx+Dx-D+Cyx(x -+ Cyx(x+1)

Putting x=0,-1,1, wehave C, = , Cy=

| -1 1 1
Thus, we have —————— = ——+ + .
x(x+1¥x-1) x 2x+1) 2(x-1)

N d 1 -—3x2+1
(ii} Note that E[x(xn)(x—l)J_xz(X+1)2(x*l)2
By, e bave D x 2D 2D

Differentiate both sides with respect to x, we have

-3+l L 1
R+ -0 2+ 2(x-1)°
3x% -1 -1 1 1

(x4 (x-1) 2 2x +1)? ¥ 2x - 1)

1A

1A for all correct

1A or equivalent

1A for correct partial fractions

Let 3x? -1 _b Dy Dy D D Dy

= + +
P+ E-D2 x  xr x4+l (x+D? x-1 (x-1)°

+ D2 (x =17 + Dgx? (x+ D)2 (x - 1)+ Dyx? (x +1)°
1
3x7 -1 -1 1 1

Thus, we have =— 34 + .
FXr+D3x-1P xP 2x+1)? 2(x-DP

3x? =1 = Dyx(x +1)% (x = 1)° + Dy(x+ )P (x = 1) + Dyx® (x + ) (x - 1)?

SD, DI-_-'O, D2=—1, D3-_—0, D4=-2“, D5=0 and D6=%'

1A or equivalent

1A for all correct

3kt -1
= k1) (k-1)?

-1, 1
Kkt 2k +1)?

g _ 1
20k+1)° 242 k=17 2k?

] 1 C 1 1
— 23k +1)2 EFJ ¥ ;(2(1(—1)2 B E}?J
- I+ 1 1
Zi(/m) kZJ * 5;[(1&1)2 - k—ZJ

k
—_ + l(l - LJ
4 (n+ 1)2 2 n*

M:

1 .\
+ 2(k—1)2) (by (a)ii))

~
n
)

=

1l
-~
1
b

-1

F.

va—-

oolt.u I\J|~—

1
2n? 2(n+ 1)?

o)

Thus, we have Z ; 3k 2_1 5= lim{i _ _1_2 + ___I_ZJ:_:’: )
o K k+D)(k-1)7 now § 2n» 2(n+1) 8

IM

1A or equivalent



4, (a) Note that (

(b)

(€)

cosd -sing

, J is the matrix representing 7. 1A can be absorbed
sinf  cos®
cosf -sinfy -5 -12
So, we have | | =
sinf cosé@ ) 12 -5
Thus, we have —5cosf —12sin@=-12 and -5sin@+12cos@=-5 . M
Therefore, we have sin9=1 and cosf=10 .
Solving, with the helpof 0<#<2x , we have 8= % . 1A
Let O be the origin.
Note that (the slope of OR, )(the slope of OP, )= (l—iJ(_—éJ =-1 IM
So, we have OF, L OP, . 1A can be absorbed
Since P, and P, are in the second quadrant and the third quadrant
respectivelyand 0<@ <2z , we have 8= % . 1A
By the result of (a), we have A* =1 . 1M
Thus, we have
42007
=A%y 3
=43
0 i
= 1A
-1 0
AZOUT
2007
z .
cos— —sin—
= 2 2
. n
sin— cos—
2 2
2007x . 2007x
cos —sin
=l 2007 2007 M
sin cOs
2 2
0 1
= 1A
-1 0

Note that P, =(-5,12) , P, =(-12,-5) and 9:% ,

(-5,12) if n=1,5,9,...,
(~12,-5) if n=2,6,10,...,
"T15,-12)  if m=3,7.11,...,
(12,5 if n=4,8.12,....

1A for any two cases correct
1 A for all being correct

Let P, =(x,,y,} . Then, we have

(n-Drz 12sin (n-Dx

x, = —5cos and

¥V, = —SSinw + IZcos(L_—i)—ﬂ— .




(a) Notethat M? = (P 'QPYP~'QP)=rP7'0%P . 1A

M? =AM+ ul
PO’ P=AP'QP+ ul
P(P'Q*PYP™! = P(APT'QP + u1)P™! M
Q*=20+ul

a’l 0 a 0 10

,1=4 + U

0 B 0 B 0 1

So, we have a2=/1a+,u and ,32=/1,B+,u. M

Since @ # f , the roots of the equation x> -Ax— =0 are a and g .
Thus, wehave A=a+f and pu=-af . 1A for both correct

(b) By(a), wehave M*+afl=AM+pul+afl =AM =(a+BM .
det(M2+afl)
= det((a + S)M)
=(a+B) detM IM=-====mmmmmmmm e ,
= (a + B)* det(P'QP) ;
= (a + B)*(det P ) (detQ)detPy .

=(a+ ﬂ)z[&%—;)(det O)(det P)

=(a + fB)* detQ
=af(a+ B)* 1

for qither

det(M*+apBl)
=det(PT'Q*P+aBI)
=det(PT'Q*P+ P (aB)P)
= det(PH(Q* +aBI)P)
=(detP " y(det(Q* +aB)(detP) | e

= —l-j(det (Q* +afD))(detP)

det P
=det(Q* +aBl)
aff +a’ 0

0 aff + B*
=(ap+a’)af +B*)
= af(a + B)* I




6.

(a) Notethat r* —p? —p? +1=(r" —1)(r? —1) . There are 2 cases.

(b

Casel: O0<rzl

Since 7 -1<0 and r?-1<0, wehave (+" -1)(' -1)=0 .
Case2: r>1

Since rf-120 and r?-120, wehave (v -1)(-7-1)=0 .

By combining the above 2 cases, we have »#'7 —pf —p9 4120 .
Let r be the common ratio of the geometric sequence. Note that » >0 .

0] a+a, —a —a,

1 b k

L2 n-
- alr - all‘
B (A A L i '

20 (byputting p=n-%k and g=k-1 in(a))

—_— h-
=a; +ayr

Thus, we have a, +a,za,+a,_;,, .
(iiy By (b)(i), wehave a4 +a,za; +a,_,,, forall k=1,2,... . n.

n ]
So, we have Z(a, +a,)= Z(ak +a, ) -
k=1 k=1

]
Therefore, we have n(aq +a,)2 ZZ @ .
k=1
! 1%
Hence, we have E(al +a,)=— Z a .
k=]

1

!
n n W Ll
Note that Hak =(a,"r“2*”'*(”'l)) =aqr? =Jaa, .

k=1

k=1 k=1

1< n n
By AM.2GM. on {a,q,,...,a,} , wehave ;Zak 2{“@} .

l n
Hence, we have —-Zak > Jaa, .
=

1M for considering 2 cases

IM

k-1_ _n-k 2 n-1
Note that \fa,a, ;. =Ja,r ar =\/a] T = Jaa, .

a, +a
So, we have %2 aja, forall k=1,2,....n.

n I
a +a,_
Therefore, we have E Sk nckrl > Z Jaa, .
k=1 2 k=1

n

Simplifying, we have Z a, 2njaa, .

k=1

1 n
Hence, we have —Z a, = Jaa, .
=

a ta,.
By AM.2GM. on {q,, a,,_,m} , we have %z,iakan_kﬂ .

1 1y
Thus, we have —(g +an)2—2ak > Jaa, .
2 nio




7.

(@ (1)

{E) has a unique solution

< Az0
1 -3 0
< A=(1 5 a|=0
2 a -1
o -a*-6a-8=0
< —(a+2Ma+4)=0
< ag#-2 and a4
< a<4, d<a<-2 or a>-2

M

1A

1A

The augmented matrix of (E) is

1 -3 01 1 -3 o0} 1
1 5 alb|~{0 8 alb-1
2 a -12 0 a+6 -1} 0
1 -3 0 1

~10 8 a b-1
0 0 (a+Dla+d|(a+6)b-1)

{£) has a unique solution
(a+2D{a+4)=0

a#-2 and a=—4

a<-4 , -d<g<-2 or a>-2

NI

1A

IM
A

When (E) has a unique solution,

-1  —(a’+6a+3b+5)
A N A

= @’ +6a+3b+5

T (a+2)(a+4)

_ b-1
T (a+D(a+4)

1 -3 1

15 b

2 a 2 (6+a)l-b)
A A

_ (a+6)b-1)

T (a+2)(a+4)

Z=

IM for Cramer’s rule

1A + 1A (1A for any one, 1A for all)



)]

(c)

When (£) has a unique solution, the augmented matrix of (£) becomes
1 |
1 -3 0 1 -3 0
b1 L
0 8 af ~ |01 0 (a+2)a+d)
o o 1 (a+6)(b-1) 0 o 1](8+6)6-D
(a+2)(a+4) (a+2)a+4)
a’ +6a+3b+5
1 0 0| (a+2)a+4)
~10 1 0 b=t
(a+2)a+4)
0 0 1| (a+6)b-1)
(a+2)a+4)
x__a2+6a+3b+5 . b-1 ,_la+6)b-1)
(a+2(a+4) Y (a+2)(a+4) (a+2Xa+4)

1M

1A + 1A (1A for any one, 1A for all}

(i) When a=-2 , the augmented matrix of (£) becomes

1 -3 0] 1
0 8 -2(6-1
0 0 o0lb-1

(E) is consistent when b=1 .
Therefore, the solution set is {(1 +3t,t, d):fe R} .

Putting a=1 and &=16 in (a), we have, by (a)(i), the solution of the first

three equations of the system of linear equationsis x=4, y=1 and z=7.

Note that 4-1-7=-4=23 .
Thus, the system of linear equations is inconsistent.

Putting a=-2 and b =1 in(a), we have, by (a)(ii), the solution of the first
three equations of the system of linear equations is x=1+3¢t , y=¢ and

z=4r , where reR.

Putting x=143¢ , y=¢ and z=4¢ in x—y—-z=3, wehave 1-2/=3 .

So, wehave f=-1.
Thus, the required solutionis x=-2 , y=-1 and z=-4 .

1A
1A or equivalent

—)

1A

M

1A
1A

)




2
4 3 2 ro_
(a) x4+t +gxt x4y =0
r? r ‘
& xP4——+px+—+q=0 (since x=0 isnotaroot)
X

pix
r 2r r i
o tx+— | ——+px+—+g=0 IM for completing the square
px P x
2
=1 (x+—r—} +p[x+L]+(q——}=0 1
px px P
-------- @)
(by (i) (x+h)* +(x+h)? —4(x+h)-3=0

o (a1 6hNT v AR+ A+ (P + 2 ) —Ax+ R)-3=0| 1A
o i v F D+ @R +2h-x+ (B + R —4h-3)=0
So, P=4h, Q=6R*+1, R=4h+2h—-4 and S=h"+h —4h-3 .| 1A+ 1A (1A for any one, 1A for all)

(i) P’S = R?
o (@R R + RE - AR =3y = (4R + 2h - 4)* 1M for using (b)(i)
& QAR +H -4h-3) =R +h-2)*
o AP +aR 16K 1207 = 4K v BE v 4+ ak' —ah -8R 1A
& B8R +13h% —4h+4=0 1
ereee(6)
(¢) By (b)ii), we have 84° +13h° —4h+4=0 .
Note that 8(—2)3 + 13(—2)2 —4(~2)+4=—64+52+8+4=0 . 1M for finding A
So, we have (h+2)(8A% —3h+2)=0 .
The real value of A is -2 . 1A
By (bXi), wehave P=-8 , 0=25, R=—40 and §=25.
So,when y=x-2, (*) can be written as x* —8x  +25x2 —40x+25=0 .
x-8x +25x7 - 40x+25=0
5Y 5 .
o bxr =l <8l x+=|+(25-10)=0 IM for using (a)
X X
2
= (x-&-—s—) —8[x+EJ+15=0 1A
B X
<> x+§-=5 or x+£:3
x X
o x2-5x+5=0 or x*-3x+5=0 IM for forming a quadratic equation
+ + '
& x= > _2\[5 or x= 3 ;fﬁl 1 A for all the roots being correct
-1 -
Thus, the roots of (*) are l+£ s L——S . —~»+£i and —luﬂi ; M
2 2 2 2 2 2 2 2




9.

(‘. + l)fz+l
4

(a) Let f(t)= forall +>0 .

Then, we have

d

Ef(f)

t+1* (¢ -a)
ta+1

<0 if O0<t<a

=0 if t=a

>0 if 1>«

1A

IM for testing + 1A

So, f(¢) attains its least value when r=¢ . 1A
Therefore, we have f(t) > f{a) forall ¢>0.
a+l a+l
Thus, we have +D) = (@+1) forall >0 . 1
I a’
a+l
Let f(r) =(‘—+1a—)-— forall >0 .
t
Then, we have
@ —
if(t):(tﬂ) (t—-a) 1A
ds Irz+l
L (1 = XK@ Dt n*-!
as2 - ta+2

d
—f(H=0 < t=¢«
dt ©

P4 a
f,L.f(,) Y Cha) >0 1M for testing + 1A
dtz a+l
I=o
Note that f(#) has only one local minimum.
So, f(r) attains its least value when ¢=¢« . 1A
Therefore, we have (1) =f(a) forall >0 .
o+l a+l
Thus, we have ) b-a (@+]) forall >0 . 1
t* a”
---------- )
. a] . 258
(b) (i) Notethat — >0 . Putting & =— in (a), we have
@, a,
-lﬁ--ﬁ-l
) a [ﬂ N lJaz
3
(g+1) S \% IM

@ - o,

taz o) |9
@
ay+a,
a +a2 J

(t+ 1)+ >( a,

@) - a)
f a
a,
(E+D5"% (o +ay)nT

>

alalazaz




by

(b) (i) Notethat = >0 . Putting ;:ﬂ in (b){(i), we have

(c)

2 2
a +a,
EL +1
i > (o ‘*‘ﬂz)&'m2

(—ﬁl—]a, - a]alazaz
)

(ﬂl +ﬂ2)a|+a2 N (a1+a2)ﬂ|+az
B B B a1,

B+ (B (£
o +a, o) lay

x X
Since (&J = [ﬂ] , the statement is true for n=1 .
) Xy

aj+a,+-+a a a a
Assume that | 28t tb o *2 LANEA NN AN
al+az +"'+ak a] az ak

for any positive real numbers a, a,,...,a, and b,b,,...,b, , where k is
a positive integer .

Then, for any positive real numbers x, x;,..., x;,; and 3, ¥a, ..o, ¥iyy »

X Xy Xy,
NVt iy
xl +x2 +"'+xk+l

M+ Ya+ -+ ¥ )+ Y
(q+xy 4t X )+ 3,

](xl+x2+---+x,,)+xh,

X Xy bRy Xt
> yl+y2+"'+ykj [yk+lJ (by(b)(ll))
xl+X2+"'+Xk xk+i
) *2 Xy Kial
> h] [y—z] [X’LJ (MJ ( by induction assumption )
X X3 Xk X+l

* X3 Xial
=[&J (&J (&_IJ
X Xz X1

Therefore, the statement is true for n=%k+1 whenitistrue for n=+£ .
By mathematical induction, the statement is true for all positive integers n .

1M

——)

1M

IM

IM

M



10.

(a) Qprq ~ Api2

?anﬁ-.'! +-.;.'an+2 —py2
5 5
=:I;an+3 *;an+2

5 2
= 7an+3 ~| @n+3 _?anﬂ

-2
= T(and —a,.)

2
= {::]%] (an+2 - an)

4
:E(arwl -a,)

by () (1) ayy — Gz,
4

= Z-é-(az,,_l —ay,_3) (by(a))

2
4
= (E] (@33 — @yp5)

4 n-1
=(4—9) (a3 —aq)

5 2 5
Notethat g, ~ay=—a, +—a,—~a =—(a, ~a) =20 .
ITAT S h T AT 7( ) = ay)

Thus, we have a5, 2 a5, -

M

1A

€]

1M

NOtethal a3“‘a] =%a2 +%a1 ‘"al =%(a2 —al)zo R

So, the statement is true for n=1 .
Assume that a,;,; = ay;_; for some positive integer k.

Bokr3 ~ 2kl
4
=— (a3 —d3-;) (by{a
49( 2kl — a1} (by (3))
=0 ( by induction assumption )
By mathematical induction, we have a,,,, 2 ay,_; -

IM

(2) Qypez —p
4

= 4—9(02,, - aZn-—Q) ( by (a) )

2
4
= {E) (a35-2 = A34-4)

n-1
=(f§] (a0 - ay)

5 2 5
Note that a, —a, =7a3 +7a2 —-a, =7(a3 —a,)

505 2 10
=7(?az +;]—a[ —a2]=ﬁ(al -a,)50 .

Thus, we have a,,,, < a,, .

1M




3

5 2 5
Notethat a, —a, =—a, +—ay ~a, =—{a; —a
4T h = At a 7(3 2)

5(5 2 10
=7[702 +—‘a| “02J=“I"9‘"(al —a2)50 .

7
So, the statement is true for n=1 .

Assume that a,,,, < a,, for some positive integer & .
Then, we have

LTI Rl Y )

4
=I§(ﬂzk+2 —ay) (by(a))

<0 { by induction assumption )

By mathematical induction, we have a,,,, < a,, .

yy = 7azn-1 +7a2n—2

5 2 .
Gan 2 o Gan-1 ¥ = o ( by (0)(1)(2))

2 5
l—=a,, 2=a,,_
[ 7] 2n 7 2n-1

5
g -1

7 7
Ay Z A3y

1A

Qan ~ Q)

= 7“2:1-1 +7a2n-2 T

-2
=— (3,1 ~ Uy
7(2 1~ @n-2)

S 24 i-a
717 2n-2 7 2n-3 2n-2

4

= E(QZH—Z — G3u-3)

2
4
= [:‘-9"] (ay,_4 —a3,_s)

n-1
4
=[E) (ay—q)20

Thus, we have ay; za,,_, .




Note that a, 2 g, .
So, the statement is true for n=1 .

Assume that a,, > a;,_; for some positive integer & .

Dirz ~ gyl

= 7“2“1 + 7‘32.& — dypay

-2
== -a
- (age.1 —ax)

-2(5 2
=—| 7% T O 1~y

7\7 7
4
= —(ay, — 1A
49( 2w~ A1)
=0 ( by induction assumption ) 1
By mathematical induction, we have a,, 2 a,, ; .
(11) NOte that al < azn_l < azn+1 < a2n+2 < azn < 02 .
So, { a,a5.as, ... } is increasing and bounded above by a, while TA
{ Ay, G4, dg,... } is decreasing and bounded below by 4, . 1A
Thus, lim a;,_; and lim a,, both exist. 1
R—rw K=
--------- ©)
If ay<a, then -a, >-q, . M
Define b, =-a, forall n=1,2,3,.... IM
So,wehave b, >5 and 5,,, =%b,,+l +%b,, forall »n=1,2,3,... .
By {b)(ii), lim &,,_; and lim b,, both exist.
Thus, lim a,,_; and lim a,, both exist. 1A ft.
H—aC R~»00
5 2 -2
Notethat a3 -y =—ay +—a —ay =—(a, —a)) >0 ,
IThESGL T 27(2 1)
So,wehave a;>a, . IM
Define b, =a,,; forall n=1,23,.... iM
2
So,wehave b, >5H and b,,, =%b,,+, +?b,, forall n=1,2,3,....
By (b)(ii), lim &,,_; and lim b,, both exist.
n—»a0 A=
So, lim g,, and lim a,,,; both exist.
H—x n=pm
Thus, lim a,,_, and lim a,, both exist. 1A fit.
H—>om

n—row




Dpsl ~ Qap-)

4 n-1
= (EJ (a; —ay)

4 n-1
() (Ferw

<0
Therefore, we have a,,., <a,,_; .

Aypez — oy

4\
=(@] (a4 —ay)

n-1
4 10
(z) ()=
>0
So, we have a,,,; > a,, .

5

ay, = 7“271-1 +?a2n—2
5

dyy STy | 0y
7 7

—a2 <—a2 -1

7 n 7 n

Hence, we have a,, <ay,_; .

Note that a, <ay, <@y, <dyya <dyp <4 .
So, { a , iy, ds } is strictly decreasing and bounded below by a, while

{ ay,4d;, 0, ,} is strictly increasing and bounded above by 4, .

—00

Thus, lim a,,_; and lim a,, both exist.
H—= n

IM
M
1A fit.




11.

(a} ()

(if)

(t+itan8) ~(1-itan@)’
(1+itan®)” +(1-itan @)’
( isinB)T ( isinGJ’
1+ —- - [1-
_ cos@ cos@
( :'simﬁ'J7 ( is.inl9)7
1+ + [1-
cosd cos @
_ {cosB+isin 8)’ —(cos® — isin 9)T
B (cos@ +isind)’ +(cos& ~isinf)’
_ (cos@+ising)’ —(cos(~6) +isin(~8))’
" (cos@+isin @) + (cos(=6) + isin(-#))’
_ {cos78 + isin 78) — (cos(—78) + i sin(~78))
" (cos 70 + isin 76) + (cos(-76) + isin(-76))
_ (cos78 +isin 78) — (cos 70 — isin 78)
" (cos 78 + isin 76) + (cos 76 — isin 78)
_ 2isin76

" 2cos76
=itan 78

Let tanf=¢ .
Then, we have

(1+itan @)’
=(1+it)
=1+ 7it = 2162 =35 + 356 + 207 -8 —i”
Also, we have
(1-itan @)’
=(1-it)
=1-7it 2162 +35i> +35¢4 = 20i° =768 +i”
So, we have
(1+itan0)’ —(1-itan @)’
=2i(Tt =35 +21¢° ~17)
Moreover, we have
(1+itan @) +(1-itan @)’
=2(1-21% +35¢* - 7¢%)
Therefore, we have
(1+itan@)’ —(1-itan @)’
(1+itan &)’ +(1—itan§)’
_2i(Tt =350 4218 —17)
S 20-212 43504 - 7%)
(T =350 +21° - 17)
T 1-212 +35¢4 — 748
N i(7tan@ —35tan” 6 + 21tan® & —tan’ 6)
"~ 1-21tan?@+35tan* 6 —Ttan® @
7tan6 - 35tan’ 6 +21tan’ O — tan’ &

By (a)(i), we have tan768 =

1-21tan’ @ +35tan* @ - 7tan® @
tan’ 6~21tan’ @ +35tan’ 0 - 7tan @

Thus, we have tan 78 = c 7 5
Ttan” #-35tan” 6+ 21tan“ & -1

IM
1A
1
IM--——mmermmr = .
i
for either one
i
1
1
1
____________________ 1
__---______________]
for b()thl correct
1
FA oo oo e i
1



Let cos@=a and sin@=5 .

(a+ib) =a’ +C/a®(1h) +Cla* (@)% + Cla* (i) + Cla> ()" + C1a? (i) + Cla(ib)® + (ib)’
cos78+isin78 =a’ +7ab(ib) - 21a°? — 35ia'h? + 352°b* + 20 iath® — Tap® - ib”
cos7@+isin78 =a’ -21a°b? +352%0% — Tab® +1(7a% - 3546} 4 21278 ~57)

By comparing the real and imaginary parts of both sides, we have
{ c0s 78 = cos’ 8- 21cos’ Bsin’ @ + 35cos’ Osin* @ — 7 cosOsin® &

IM+1A
sin 78 = 7cos® @sin @ - 35cos® Fsin’ &+ 21cos? Fsin’ @ —sin’ @ }

So, we have
tan 78

_ sin 76
cos76

_ 7cos® @sin @ —35cos* Gsin’® g+ 21cos? Gsin® @ —sin’ @
cos’ @ -21cos’ @sin® 6 +35cos’ Osin® & - 7cosHsin® @

_7tan@-35tan’ O+ 2itan’ @ —tan’ @
1-21tan’ @+ 35tan® 6 — 7tan® @

~ tan’ @-21tan’ @ +35tan> & — 7 tan @
7tan® @ -35tan* 0 + 21tan? @ -1

X =21x° +35%° - 7x
7x% 352 4217 -1
For tan760 =0 , wehave x' -21x°+35x> - 7x=0 . 1M for setting tan76 =0

- tané—x 1A
7

(by Putting x =tan @ in (a)(ii), we have tan76 =

IM for putting x=tan& in (a)(il)

2
Note that tan78=0 < tand=tan( , tanf—, tanTE s -

r 2r or ..
Also note that tan0 | tan; , tan— ..., tanT are all distinct.

Further note that x” —21x° +35x% - 7x= 0 & x(x® - 21x* +35x2 - 7) =0

Thus, the roots of the equation x® —21x* +35x>-7=0 are

g 2r o
tan— , tan— , ... , tan— . 1
7 7 7

)




(c)

(i) By (b), we have

{tan —](tan ——J( tan— tanil—r— tanﬁ—ﬂr 7 M- '
7 7 i !

)

(=3 | ) |
7 7 7 i
Note that tan—=—ta ?; tans—;rr —tanz—"'r and tan47ﬂ=—tan37x . .Y, P OR——— :r _______

1

]

1
So, we have —(tan2 :)(tanz 2”J(tan2 B”J i

either o
Thus, we have (tzxn2 J‘;][tan 5 ](tan2 3”] 1A ft I

I

I

I

1 - h

(ii) By (b), we have | cihe

I

'canzf?—-%te1r|22—”+tanz3—}r+tan24 +tan 5—+tan26—ﬂ i
7 7 7 7 7 :

2 |

= tan£+---+1:am6—7r -2 tanftanz—”+---+tan5—”tan§— i
7 7 7 7 7 7 !

I
=0%2-2(=2  eeemeee ] '
=42 1A fit
Note that tanzg;ﬁ :taan , tan25—7r =tan2-?£ and tan24—n ——»tan?'?’—yr ---------------------

7 7 7 7
2 T 2 27 2 ir
So, we have 2| tan” —+tan® —+tan“ — | =42 .
7 7 7
Thus, we have tan2£+tan22—ﬂ+tan2£=21 . 1A fit.
7 7 7
Note that x® —21x* +35x* -7=0 < (?)’ -21(x})? +35x2-7=0 . IM
2 T 2 2T 2 3r o s
Also note that tan F tan°— and tan = are all distinct. IM can be absorbed
Therefore, with the help of (b), the roots of the equation
x> =21x? +35x-7=0 are tanzg , tanzz—” and tanzj—mr 1A fit
Thus, we have | tan? z tan’ 2—” tar123—’r =7 and 1A fit
7 7 7
2 T 2 27 2 Ir
tan® —+tan® — +tan" — =21 . 1A fit

one



(b)

lim xlnx
10"
. Inx
= lim
0" “1_
X
1
= lim x
x—0" _“_]
xZ
=~ lim x
x>0
=0

(1) Since f(x} iscontinuousat x=0, we have lim+ f(x)=£(0) .

x-0

So, we have lim Chnx=1+k .
0"

Note that tim x*lnx= [ lim x)( lim xlnx] =0 (by(a)).
x—=0° x—=0* x—=0*

Therefore, we have 1+4£=0 .

Thus, we have £ =-1.

(i) By (b}i), we have

sinx+cos2x—-1 when x<0,
f(x)=
x*Inx when x>0 .

tim f{x)-f(0)
x—=0" x—0
.,  Ssinx+cosZx—1
=lim ——M —
x—0" X

. cosx—2sin2x
= lim ———M—

x=07 1
=1
lim f(x)-f(0)
x—=0" x-90
. x*lnx-0
= lim ————
x=0* X
=lim xlhx
x—>0"
=0 (by (a))

So, we have lim x) - £€0) # lim EQQ;E@ .
x—07 x-0 10" x-0
Thus, f(x) is not differentiable at x =0 .

IM

1A ft.

1M for one-sided derivative ----- i

1A

1A ft.
()



(a)

(b)

f(x)=

4x—x
il
f(x)=(4x-x*)?2
-1 3
fiw) =— (4x - x1)2(4-2x)
x—2
(4x-x*)
x=-2
Vdx - x?
(4x - x2)f'(x) = (x - Df (x)
Differentiate both sides » times with respectto x , we have

f'(x) =

(4x—xM)f'(x) =

(4x =)D (x) + (= 200" (0) + € CDE T (x) = (x - D (x) 0t "V (3)
(4x - YD (x) = 20 = 0 (x) - (n° = " (x) = (2 = 2F P () # a0 ()

(4x—x) "V (x) = 2r+ Dx=2DED(x) + 210D (x)

Putting x=2 in(a), we have 4f""*V(2)=n*f""D(2) .

2
So, we have f"*"(2) =[§J £D(2) forall positive integers n .

f0(2)
=32 16(2)
=3 2H 9
= (32 F'(2)

BE6

1M

1A
)



3.

(a) Since f(x)=|x-1|-|x+1| forall xe R , we have

2 if x<-1,
f(x)=4 -2x if -l<x<l,
-2 if x=21.
YA
y =1(x)
2
——
-1 OND ¥
=2

(b) Notethat f(x)=3eR forall xeR.
Thus, f is not a surjective function.

() iy &)
=f{x-1)-f(x+1)+1
=({x=2-|xp) - (Ix[-|x+2[) +1
= |x+2|+|x-2f - 2{xi+1

g(—x)

={-x+2| +|-x-2| - 2|-x[+1
=jx-2|+|x+2] - 2{x|+1
=|x+2{+|x-2| - 2|x|+1
Thus, we have g(x)=g(-x) forall xeR.
Hence, g is an even function.

(ii) Note that g is an even function and

5-2x if 0=x<2,

g(x)=
1 it x=22.

y=g(x)

w

IM for the shape
1A for all correct

M
TIAft

1M for the shape
1A for all correct

—eenee(7)




(a)

()

J-exsinxdx
= Isinxdex
=g sinx— Ie’cosxdx
=¢"sinx— Icosxde"
=e'sinx—e’cosx+ J'e"(—sinx)dx

=¢'sinx-¢e" cosx— Ie’sinxdx

So, we have 2 |e” sinxdx =e” sin x — e* cos x + constant .

x

. e .
Thus, we have Ie‘ sin x dx = —2—(sm X —cosx)+constant .

lim —Z sm—
n—so B

:—hm —Z sm—
T hoo B

=—J- e’ sinxdx
xJdo

X

-1 {% (sinx - cosx)} (by (a))

1M for using integration by parts

1A

M

1A pp-1 for omitting constant

1A

IM for using the result of (a)

T
)
b4
1
e+ 1A
2r
lim = Jadll
lim nz sm
l -
=I ™ sin rxdx 1A

0

1 g7 o .
=— | e'sinxdx
o

1
-1-[ ™ (sinwx - cos xx)] o { by (a))
¥/a

et 4+l
27

H4
1le* .
= ;[%. {(sin x — cos x)} (by(a)) IM for using the result of (a)
0
e’ +1
= 1A
lim — el
nir‘}o nz sm
1
= Ioe”xsmxxdx 1A

IM for using the result of (a)

1A

remeee<(7)



2
5. (@) j(ﬂiﬂ) dx

X
= I(xz —14x+69——1ﬂ+1L20de 1M for division
x X
P 100
=3 7x° +69x-140In| x| ——— + constant 1A accept without absolute value
X

pp—1 for omitting constant

(b) Note that the x-intercepts of the curve are 0 and 3 .
The required volume

3 PRy
= X(x=3) drx 1M for lower and upper limits + A
oy (x+2)
(=2 x-9)Y
=7 I (————J dx 1M for using integration by substitution
2 x
x} ) 0ol
=r T—?x +69x—140In| x| —— { by (a) ) 1M for using the result of (a)
X
2
5
=Jr[129—1401n(5)J 1A

Note that the x-intercepts of the curve are 0 and 3 .
The required volume

3 P

=7 Hx=3) dx IM for lower and upper limits + 1A
el (x+2)
3

:n.[ s -10x 45— 20, 190 14 IM for x?+ar+—2 s — S
0 x+2 (x+2) x+2 (x+2)
x* 2 100 ’ © ax? c

=a|—-5x"+45x—140ln | x+ 2| -——— IMfor —+—+bIn|x+2]-
3 x+2 0 3 2 x+2

5
= 71'(129 ~140 ln(E)] 1A

Note that the x-intercepts of the curve are 0 and 3 and the curve has a

minimum point (Jﬁ—z , 2@—7) between x=0 and x=3 .
The required volume

=2r .[:fE , vy +14y+9dy 1M for lower and upper limits + 1A
=x J.O2 o Jyz +14y+9 d(y2 +14y+9) 147 J: o 1,‘y2 +14y+9dy 1M for using substitution
p 2187
= M-ww) y2+14y+9+28(}ln‘y+7+1/y2+14y+9 M for 23—rl+ast+bln|c(s+t) ,
0
s=p+7 and t=\/y2+14y+9
= 7:[129 -140 ln(%)) 1A




6.

(b)

(@ () Casel: a=0

The equation of the normalis y=0 .

Case2: a=0
Since x=t>+1 and y=2t, wehave
dy
dy @ 2 1.
=t = = 120
e d&x 27 ¢
de

The equation of the normal is
y-2a=-a(x—a’ ~1)
y-2a=-ax+a +a

ax+y—a3—3a=0

Thus, by combining the above two cases, the equation of the normal is
ax+y—a3 -3a=0.

(i1) AB isnormalto I" at A
@ a(h® +1)+2b-a* -3a=90
Sabl+a+2b-a’ -3a=0
o 2-2a+ab? —a* =0
o 2b-a)y+alb-a)b+a)=0

o b-a)a® +ab+2)=0

ot vab+2=0 (since a#b)

M

LM for using the result of (a)(i}

Note that a#-b .
Also note that the slope of the normalto [ at 4 is —a .

Further note that the slope of AB is

a+
AB isnormalto I at A4

= —a=

a+b
S -—g-ab=2
S at+ab+2=0

1M for equating slopes

Putting & =-3 in (a)(ii), we have

a’-3a+2=0

{(a-Da-2)=0

a=1 or a=2

Thus, two required pointsare (2,2) and (5,4) .

IM for observing P = ((-3)% +1,2(-3))
IM for using (a)}(ii) with & substituted

1A for both correct
()



7. (@ ()
_ 6 2 2 _ _ 2
= (x-6) ((x P 2= DGt ]52) 2~ O)x +15%x +1) 1M for quotient rule or product rule ----
(x—6) i
1
_ (x+)x? - 19x-216) i
(x~6)° ;
(x+1)(x +8)x -27) _ either one
= 7 1A or equivalent ! b
(x-6) o
5
fl‘l(x) i
G HE-27) e D 2D D ) K6 et B2
(x—6)°
= M LA or equivalent
(x—6)
---------- (3)
{b} Notethat f'(x)=0 < x=-8, x=-1 or x=27 .
Also note that f"(x)=0 < x=-3 .
x (-0 ,-8)-B|(-8,-D|3[(=3.-D|-1]| (-1,6) | (6,27) |27](27 ,)
f(x) + 0 — — - 0 + — 0 +
£"(x) - - - 0 + + + + + +
1 24
el A (30 0~y (¥ o~ o] 2| N 3| 2
27
i) f(x}>0 < x<-8, -l<x<6 or x>27 1A
(i) f"(x)>0 < -3<x<6 or x>6 1A accept (-3 ,%)
---------- (2)
. .. . 224
(c) The relative minimum points are (-1, 0) and (27, T) . 1A+ 1A
The relative maximum point is (-8, %) s 1A
. . . 16
The point of inflexion is (-3, 5;) . 1A
---------- @
2
@ - lim 0= tim SEEAT g
x—67 x—>6 (x —_ 6)
2
lim fx) = lim SN o
=6 x—+6" (x—6)
the vertical asymptote is x=6 . 1A
2
@ o lim = tim SEDERD g
x—=6" x—=>6" (x — 6)

2
lim fix)= fim SN
X6 X367 (x-8)

the vertical asymptote is x =6 . 1A




(e)

fi 15)(x +1)° (”_)(
lim fix) _ limw= limA_*A X/

x=w X ] x(x -~ 6)2 P ] [1 6J2
x 1M for finding oblique asymptote
29 > + 15
2_ )
lim (f(x) - x) = lim 29"—5-’-‘_#3 = lim —% X" -
x> X (x -6) x—bw i 6
X
the oblique asymptote is y =x+29 . 1A
2
lim f(x)= lim 9—1@1{;3— o and
=6~ x—6" (x - 6)
2
lim f(x)= lim M:w
16" x—=6" (x— 6)
the vertical asymptote is x =6 . 1A
2 —
f(x)z(x+15)(x-2|-l) =x+29+343x 1(:)229 M
(x-6) (x-6)
the oblique asymptote is y=x+29 . 1A

R i S L LT

4

1A for the extreme points
and the point of inflexion

1A for the asymptotes

1A for all being correct




0

8. (a) f(0)y=e"+3¢° I e ¥e(ndr=1+0=1
0

1 A for both correct

g(0) =€’ -3¢° re‘z‘f(r)d: =1-0=1
0

)
(b) f(x)=e" +3> Lxe*s‘g(z)dt
By Fundamental Theorem of Calculus, f'(x) exists and
£'(x) = 8% +24¢> J‘xe*‘g(:)d: +3e®*e B g (x) 1M
=8f(x)+Bg(x)0 1
Thus, we have f'(0) =8f(0)+3g(0)=11. 1A
S —E)

(© ()=t —3eH re-sz(:)dz

0
By Fundamental Theorem of Calculus, g'(x) exists and

o/(x) = 26 — 6P L’e-“f(:)d: —3e2%e 2 f ()

=2g(x)-3f(x) 1A
Note that f'(x) =8f(x)+3g(x) (by(b)) andboth f(x) and g(x) are
differentiable.
Therefore, f'(x) is differentiable and f"(x)=8f"(x)+3g'(x) . 1A for correct f"{x)

So, we have f"(x) =8f'(x) - 9f(x) +6g(x) .
Hence, we have f"(x)=8f"(x)-9f(x) +2f'(x)-16f(x) (by(b)).
Thus, we have f"(x)-10f"(x)+25f(x}=0 . IM~+1

(&) Let h(x)=e >*f(x) forall xeR . Then,
h(x) = e F'(x) - 5e > E(x) = e (£'(x) = 5T (x)) 1A
h"(x) = =53¢ (£"(x) - 56(x))+ e > (£"(x) - 5"(x))

= e *(£"(x) —10f"(x) + 25f(x))

=0 (by(c)) 1A
Therefore, we have h'(x)=a .

So, we have h(x)=ax+F , where a and b are constants. 1A
Note that h(0) = ef 0)=1 { by (a)) and
h'(0) = e*(£'(0) ~ 5£(0))=11-5=6 ( by (a) and (b)) . 1M for using (a) and (b)

Hence, wehave ¢=6 and b=1.
So,we have h(x)=6x+1 .

Thus, we have f(x)=(6x+1)e* . 1A




Note that f'(x) =5(6x + )& + 62>* = (30x +11)&™* .
By (b), we have
g(x)

=) - 860)
= %((3035 +1D e - 8(6x+ 1)e5‘)

=(1-6x)e’*

M

1A

g(x)

X
=X — 3¢ j (6t +1)e*dt
0
= e~ [ (6t + yde”
0

=& —ezx[k6r+l)e3' ]; -6 I e3'dIJ
0

=¥ —(6x+1)e’ + ¥ + e (2™ -2)

={1-6x)e**

IM

1A

Let w(x)=e"g(x) forall xeR . Then,

w'(x) = e (g'(x) - 5g(x))

w'(x) = ™ (g"(x) - 10g'(x) + 25g(x) )

Note that g'(x) =2g(x)—-3f(x) (by the proofin(c)) and both f(x) and
g{x) are differentiable.

Therefore, g'(x)} is differentiable and g"'(x)=2g'(x)-3f'(x) .

Hence, we have g"(x)=2g'{x)-24f(x)-9g(x) (by(b)).

So, we have g"(x) =2g'{x)+8g'(x) - 16g(x)-9g(x) ( by the proofin (¢) }.
Therefore, we have g"(x)—10g'(x) +25g(x)=0 .

So, we have w"(x)=0 .

Therefore, we have w(x)=cx+d , where ¢ and 4 are constants.

Note that w(0) = eg(0)=1 (by(a))

and w'(0) = e’(g'(0)-5g(0))=-1-5=-6 ( by the proofs in (c) and (a) ) .
Hence, we have ¢=-6 and 4 =1.

So, we have w(x)=1-6x .

Thus, we have g(x)=(1-6x)e>" .

M

1A

—)



9.

x+2 x=2

@ (@ -

X +2x+2 xP-2x+2
C(x+2)(x7 ~2x+2)—(x-2)(x* +2x+2)
- (% +2x+2)(x? —2x +2)
(X -2x+ ) - (x* -2x-4)
- (x? +2)? —4x?

8

x4

x+2 x-2

Thus, we have

* +4 _x2+2x+2 x*-2x+2

Note that x* +4=(x* +2x+ 2)(x* - 2x+2) .

Let 48 = 2Ax+B + 2Cx+D , where A, B, C and D are
xT+d xT+2x+2 x"-2x+2
constants.

Therefore, we have 8=(Ax+ B)(x2 S2x+ D+ (Cx+ D)(x* +2x+2) .

So, 8=(4+0)xX +(B-24+2C+D)x> +(24-2B+2C+2D)x+2B+2D .
Hence, we have A+C=0, B-24+2C+D=0,
2A-2B+2C+2D=0 and 2B+2D=8 .
Solving, we have A=1, B=2, C=-1 and D=2,

x+2 x—2

Thus, we have 7 =— 5 .
x+4 x"+2x+2 x"-2x+2

1y

=J'1 dr

0x*+4

1 (x42)dx —lfl (x-2)dx

8Jox?+2x+2 8Jox? _2x42

U1l (x4 D +1J-1 de 1 (x-Ddx +1I] dr
8Jox?4+2x+2 8Jlox+1?+1 8Jox?-2x42 8

= 1_]6[1"("2 r2+2)f) +%[tan'l (x+D), —1—]6[“1()‘2 ~2x+2), *%[‘a“_l e

=—1—ln5+ltan“12
16 8

(i) 1, +41,

n

dx

1 x4n+4 1 x4n
I —dx+4 <
0.x" +4 0x"+4

| L4n+4 4 4n

= J- -X—Tt—f——dx
0 x +4

~ J-l Mixt +4)
0 x*+4
1

= I x4ndx

0

Al !
_{4n+1]0
_ 1
T 4n+1

dx

o(x-1)° +1

IM

IM

1A




(iii)

k
-1

Now, I, =—4fy+1=(-9""'1, + (-4 1.
ow, [ 0 -4 ()Z4k+]()

So, the statement is true for n=10 .

Assume that 1, = (=4)"*' I, +(-=4) Z

k
-1
- | for some
4k+1[ ]

non-negatlve mteger r.

Then, we have
Ir+2

=-4f 1

R T EETURY
4r+D)+1

k
r+2 r+l 1 1
= I, +(-4 —_
(-4 4 Z4k+1[4} 4r+1)+1
r+l

k
_( 4)r+2]0 +( 4)r+lz 4kl+l [_IJ

Therefore, the statement is true for n=r+1 ifitistruefor n=r .

By mathematical induction, [/, = (- 4)"+11 +(=4)" Z 4k +1 (:l

J"_

1M

1
dk+1

k k-1 k
So, we have hal I,Hl—[_—l) I, = L | .
4 4 dk+1\ 4
n (7 1y ke n 1 1Y
Then, we have — | I =] — I, = | .
- ;(J e (4] ,§4k+1(4)
-1 n I 1 1 k
Therefore, h — | I 4 +4],= D
we have [4] el 0 ;4“_1[4]

1 (1Y
dh+lla )

Now, we have [, +4/, =

Thus, we have 1, =(-=4)"*'1, + (- 4)"2

IM

Note that x*"** <x*' forall xe[0,1].

4{n+1) 4n
X X
=

So, we have y 7
x'+4  x"+4

forall xe[0,1] .

1 x4n+4 1 4n
Therefore, we have I 3 dx < I 2
0 x" +4 0 x" +4

Thus, we have [, <],

dr .

Since |1,,|=1,,, <], and |im['Tl] =0,
h

—» o0

h—»ol

we have Iim[:‘zl—] I,.1=0.

IM

|

=0

IM accept using |,,,[<1 or 1,



n k n
. 1 (-1 -1
b) By (a)(ii), we have E — | = — | g +d, .
(b) By (a)ih k:04k+l[4j (4} 1 0

So, we have

Py 4k +1\ 4
" k
= lim ZL(__])
n—vw &=t 4k + 1\ 4
1Y
=n|_u31> [[T] I, +4IOJ

=0-+4f, (by (a)iii))
=41,

= %In5+~;-tan" 2 (by(a)(i))

IM for using (a)(ii)

1M for using (a)(iii)

IM for 4/, with [, substituted

)]



10.

{2

Let x=asind . Then, we have %=acos@ .
I a’ —x2dx
= J-azcoszﬂ dé

dé

2jl+c0329
a ——————
2

=a’ 19 + lsin 28 i+ constant
2 4

a2 L1 X X 2 b
=?sm —+—2-V'a —Xx° +constant

a

IM for a suitable substitution

1A

1A or equivalent

pp—1 for omitting constant

Let x=acosé . Then, we have %=—asin9 ;
j\a'az - x%dx
=—Iazsin29 de

2J‘1 (:0529
-a

2(; g- —sm 26’] + constant

a?
- 11X x 3 2
= —+2 a® —x* +constant

2 a

1M for a suitable substitution

1A

1A or equivalent

pp—1 for omitting constant

2 2

) . b
Putting y=mx+c in y=—+a“—x° , wehave
a

a*(me+c) = 132(a2 -x%)

B2 x? +a? (m*x? + 2mex + y-a*ht =0
(azm2 +b2)x2 +2acmx + a* (¢t - =0

The straight line y =mx+c isatangentio E

-5%)=0 and

the x-coordinate and the y-coordinate of the point of contact are positive,

- azcmz

a‘m® + b

bie
am® + b

&> (2612c2m)2 —4a’(a*m® + bz)(c2

2
o atdm® - (@m* + 6D =) =0, %N] and +¢>0
am +b

o d2tm? b2 + b - dPtm? + athim’ =0, cm<0 and >0

= b’ =b' +a’bim?
2

, em<0 and ¢>0

om<l, ¢ =a’m?+b> and ¢>0

o m<0 and c=y atm® + b2

1M

1A or equivalent

1M for discriminant =




. L -
Since y=— a’ - x* , wehave Y = ——?—}E— . IM can be absorbed
a dx ava® —x*
b . '
Let P(xy , — az—xoz) beapointon E.
a
The equation of the tangentto £ at P is
y-bfa g7 o bl x)
a a {az —x02
_be ab
yo| el x4 e IM
a-\ﬂaz - x02 , a —xoz
“="  The straight line y=mx+c isatangentto E
= m= — %, and ¢ ab where O<x; <a
D e = R 0
a\}a2 —xo2 \/az —x02
= m<0 and c¢= ab
Jaz __am
a‘m? + b?
= m<0 and c=va’m® +b° 1
“="1If m<0 and c=va’m® + b’ ,
2
then put x; -2 Notethat O<xy<a.
Vatm® + b?
—bx ab
So,wehave m=——%— and c=——m— . 1
a\ﬁaz —xo2 \laz —x02
Therefore, the straight line y =mx+c¢ isatangentto E.
------- @)
2
(© (i) Putting y=+v27-3x% in y= 9—"? and simplifying, we have
2
% =18 . So, we have x* :%ij . 1M for a quadratic equation in x or y
Since x>0 , we have x=¥ .
Hence, we have y=1f27—E =£ .
4 2
Thus, the point of intersection of £, and E, is [% , 3—\/_1] . 1A

2

(ii) (1) Lettheequationof L be y=mx+c .

By (b), we have ¢ =+ 9m?+27 and c= N 27m* +9 . 1M for using (b)

So, we have 27m° +9=9m? +27 .

Therefore, we have m* =1 .

Since m<0 (by(b)), wehave m=-1.
Hence, we have ¢=6 .

Thus, the equationof L is y=-x+6 . 1A




(2) Notethat L touches E, and E, at 2,2 and 2,1
2 2 2 2

respectively.

The required area

33 9 2
=J' 2 [6—x—\/27—3x2]dx+jz 6—x—,ﬂ9—x— dx
3 343 3

2 2

I(s x)de 427 3xde'

9—-—dx

ﬁ(ﬁ_x)d_x
3

i
e,
o
=
|

Ml"‘N
| I |
MW o 10

3
27 -3x% dx

W3
=~.Gj 2 N9—x?dx
3

3
—\/_[ _'£+— 9-x ]32
2
3\/571'
4
k2 2
j2 9% gr
L’i 3
J. 27 - x?
9
1127 .4 x  «x N
=—=|—sin" —= + =27
«/3{2 W3 2 x}ﬁ
2
_3\/511
4

The required area

B 3\571'

2

IM for lower and upper limits + 1A

1M for using (a) ----------

either one

1



1L

(@ Let f(x)=tan"'x forall xefa,b] .
1
1+x
By Mean Value Theorem, there exists £ € (a,b} such that
tan'b—tan”' @
b-a
1 tan'b-tana

1+ &2 b-a

Then, we have f'(x) = 5 -

f'($) =

So, we have

1 1
< < .
1+6%  1+&  1+d?
1 tan"'b—tan"' g 1
- < <
1+5 b-a l+a

Since a<& <b , we have

Thus, we have

5 -

1M can be absorbed

1A

IM

Let f(x)= " L

5 forall xela,b] .
+x

Note that f is continuous and strictly decreasing on [a, b] .

b b b
So, we have j' fb)dx < _[ fx)dx < J‘ f(a)dx .

=tan”'b-tan"'a .

b b
Note that L f(x)dx = L d'jcz

1+

b - -
Also note that j f(p)dx = 1b ; boa
a +

5 -

d Ibf( )dx
an a =
a I+a
_6;_ <tan'p-tanta < b_i .
1+ b l+a
1 tan"'b-tan~' a 1
<

1+ b-a 1+a°

Therefore, we have

Thus, we have

lM can be absorbed

IM

1A

(by (i) Let tan%r=t.

Since tanéfc—l , we have tan((Z)(“%rj] =-1.

=-1.

Then, we have e
-t

So, we have 2 -2t-1=0.

2+J8_ o 2—\/8_
2 2

r t=

Hence, we have ¢ = (rejected since £>0).

Therefore, we have r=1+ No
Thus, we have tan 3?” =1+ \/5 .

2tan @

1M for using tan 20 = —
I-tan“ @

1A



Let tan9=1+\/5 , where 0<9<%.

Then, we have
tan 26
2tan g

T l-tnle
__20+42)
1-(1++2)

__20+42)
1-(1+2v2 +2)

_ 21+42)
-2(1+42)
=1

Since 0<9<g— , wehave 0<28<m .

So, we have 26 = 3 }

Hence, we have &= 1875 .

Thus, we have tan-‘%j1£ =1+ \/5 )

IM for using tan 26 =

1A

2tan @

1-tan’ @

. b4
t —_—
(ii) an 4

(37{ :rrj
= tan| —— - =
8 3
T

3z
tan — —tan —
8 3

K 4 T
l{mglmg}
=1+~/5—J§
1+J§+JE
{1+J§—\/§J[JE+\5—J§—2J
1443 +46 ) V6 +42-43-2
(1+V2 -6 +42-43-2)

z\/3+J5—w/§~2+3w/5+\/g—3—2\/§+6+2&—3&—2«/3
_(1+V2 -6 +42-43-2)

142 -3
VeI -y3-2

M

M

1M




(©)

tan3—x—tan£
8 3

(o3 [3)
1+| tan— || tan —
8 3

_1442-43
_1+\/§+\/€

(Hﬁ—ﬁ](lmﬁ—ﬁl

) 1+J§+J— 1+J§—J€
_M2-2/3-2
243 -2
222431
W3-
_ V23134
W3-D3+)
_2J6+242-23-4

2
=J6+V2-3-2

IM

M

Note that V6 +v2 =3 -2=(2-DE3-v2)>0 .
Putting a=0 and b:JE+J— J_ 2 in (a), we have

1 tan” (-J_+J‘J_2)
1+(J€+JE—J§—2)2 J6+42-V3-2

V6+42-3-2 =
I+ (J6+42-B-27 2 <Vo+y2-43-2.

Let = \/g + \[— - J_ —2 . Therefore, we have

i=[[1 J(I IJ W2 4103 VD) =6 +3+2+2 .

So, we have —+a JE+J§+J5+2+J€+\/_ Ji-2= 2(J_+J_)
1 1 J6 -2 Vo2

By (b}(ii}, we have

Then, we have

*m T2W64v2) 26 +v)E-v2) 8
V6 +42-43-2 a __ 1 _d6-2

Hence, we have = =
1+(Jg+\/_ Ji-2) I+cx2 i+a 8
a

Thus, we have 3(\/3—\5) < T < 24(JE+JE-J§—2) .

1A

1M for using (b)(ii}

m ++/n
m

—-n

1
1M for usin =
g \}m—vn



Note that /6 ++/2 =43 -2=(2 -3 -2)>0 .

Putting a=0 and 5=+6 ++2 —+3 -2 in (a), we have
i tan"' (V6 +42 -3 -2)

Wiz~ Jeada-Gia

By (b)(ii), we have V6 ++2 -3 -2 <%<J€+J5—J§—2.

1+ (V6 +42 -4/3-2)?
Ve+v2-v3-2
1+ (V6 +42 -3 -2)
_ E+2-3-2
16+ 843 —10v2 - 646
=[ J6++2-43-2 ]{JE—JE}
16+8+3 1042 - 646 }| V6 -2
=(\/E+J5—J§—2)(J6_—\/§)
846 +82 -843 - 16
_(6+v2-3-2)/6 - V2)
86 +v2-3-2)
V6 -2
8

Thus, we have 3(JE—JE) < T < 24(JE+J5—J§—2) .

1A

IM for using (b)(ii)

1M for attempting to multiply (/6—72)




