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FORMULAS FOR REFERENCE

sin(A £ B)=sin Acos Btcos Asin B

cos( A+ B)=cos Acos B¥sin Asin B

tan A +tan B

tan(A+ B)=
(A4 1Ftan Atan B

sin A+sin B = 2sin 4

sin A—sin B = 2::‘:13"‘!#'15’5inu

cos d+cos B=2cos A—;Ecos-"!;q

A+B . A-B

cos A—cos 8 = -2sin sin >

2sin Acos B=sin(4+ B)+sin(4 - B)
2cos Acos B =cos{ A+ B)+cos{ 4 - B)

2sin Asin B =cos{A-B)-cos(4+ B)
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SECTION A (40 marks)
Answer ALL questions in this section.
Write your answers in the AL(E) answer book.

[}

For any positive integer n, denote the coefficient of x* in the expansion of (1+x)" by C} .

(a) Prove that
(i) a4 )" = O 4 20 43077 ek n O
Gy U;—'\:)[m="—:]+€.’{xi£§- .t*+'_75‘.\--‘+...+%x""
(b) Using (1+x)" ' (14x)™" = (1+x)*" , prove that
n n-1 n-2 1 () (a1

(7 marks)

Let f(x) be a polynomial with real coefficients, When f(x) is divided by (x—1){x— 3) , the
remainder is —2x+5 .

(a) Find f(1) .
(b) When f(x) isdivided by (x—1)(x—2) , the remainderis kx+8 , where & isa real constant.
(i) Find £.

(ii) Find the remainder when (f(x))™ is divided by x-2 .
(6 marks)

. 1
a i Resolve —————— into partial ions.
(a) (i} T into partial fractions

|
.s . e 3 ar + 2 -
(ii) Using differentiation, or otherwise, resolve R e S into partial fractions.

P+ P -1)7

0

{b) Evaluate Z e R-_?,"]— .
Kk + DAk -1)

k=3

(7 marks)

Let T be the rotation in the Cartesian plane anticlockwise about the origin by an angle ¢, where
0<f@<2x . Itis giventhat A, P, P,... are the points in the Cartesian plane, where A =(-5,12) ,
Py =(~12,-5) and T wransforms F, to P, foreach positive integer k.

(a) Find & .

(b) Let A be the matrix representing 7. Find 47 |

(c) Write down the coordinates of F, for all positive integers n .

(7 marks)

a 0)
Let P beanon-singular 2x2 real matrix and Q-[U 1'3! . where @ and g are two distinet real
J

numbers. Define M = P'OP and denote the 2x2 identity matrix by [
(a) Find real numbers A and 4 , intermseof « and £ , such that ME=AM +uf .

(b) Prove that del{.MZ‘Qﬂf)=aﬁ(a+ﬁ}? A

(6 marks)
(a) Let r be a positive real number. Using 7' —pf —p7 21 =(r" —1)r¥ -1) , or otherwise
P! g s
provethat %% —pf —¢% 41 = 0 for any non-negative integers p and 4.
(b) For each positive integer n . let a, be the nth term of a geometric sequence of positive real
numbers,
(i) Using (a), or otherwise, prove that a, +a, 2 a, +a,_;,, forall k=1,2,....n .

(i) Using (b)(i) and A.M.=G.M., or otherwise, prove that
1 L~ F i
5(u| +a,)z ;*Zla,, z Jaa, .
(7 marks)



SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.
Write your answers in the AL{A) answer book.

7. (a)

(b)

()

(b)

(c}

Consider the system of linear equations in x, y, z

x - 3y = 1
(E): X + 5y + az = b, where a,beR .
2x + ap - z = 2
(i) Find the range of values of a for which (£) has a unique solution. Solve (£) when

(£) has a unique solution.

(i) Suppose that a=-2 . Find the value(s) of & for which (£) is consistent, and solve
(E) for such value(s) of &,
(8 marks)

1s the system of linear equations
x - 3y = 1
x + 5y + =z = 16
2x + y =z =12
x = y =z =
consistent? Explain your answer,
(3 marks)
Solve the system of linear equations
x - 3y = 7]
x + 5p - 2z =
2x - 2y - =z =

P

X - ¥y - 3z =

(4 marks)

2

Let p.gq,reR with pr=0 . Prove that the equation x* + px® +gx” +rx+-—=0 can be

P
H
bt 2
written as [x +L] + p[x i +(q -‘"—r-]. =0 .
Px pxj " pP)
(2 marks)
Consider the equation
_1-‘4-;12 —4y-3=0 e ™).
When y=x+h, (*) canbewrittenas x*+Px’+0x’ + Rx+ §=0 .
(i) Express P, @, R and § intermsof /.
(i)  Provethat P’S=R® ifand onlyif 8h°+13h" —4h+d4=0 .
(6 marks)
Using (a) and (b), solve (*) in (b).
{7 marks)

(a) Let & be a positive real number.
g (R0 14 1) et
By differentiating f(r)-—“—u' , prove that ( +U) 2-(3-*' “)‘— forall ¢+>0.
! [+ 4
(5 marks}
(b) Let e, and a, be positive real numbers.
oy iy e R
(i) By putting a =L in(a), prove that (t+1) 2 (e + o) forall t>0 .
oy i ala: o5 ]
2 RCIRLS -1 Ni2g
(ii) Using (b)(i), prove that (M | = [-'81 J [’S’J for any positive real
@+ Gl a2
numbers 8, and £, .
(5 marks)
(c) Using mathematical induction, prove that
5y g+, \x s x,
WA e '.!».:1 3 .v_1|' »n) . ()
H+x etz | X/ L% x, )
for any positive real numbers x, x,,...,x, and ¥, ¥,,..., ¥, .
{5 marks)
&
Let @ and @&, be real numbers. Foreach n=1,2,3,... , define a,,, —%an_;+%a,, ’

(a)

(b)

(c}

4
Provethat a,,4 —@y,2 =—(a,,2-4a,) .

ned 49
(3 marks)

Suppose that a, > a; .

(i) Prove that
hH Bapp) Z 8y »
(2) a3 = By
(3) Ay Z gy
(ii) Prove that lim a,,, and lim a,, both exist.
LT n—p
{9 marks)
Suppose that ay < @, . Do lim a,_; and lim &y, exist? Explain your answer.
fi=sm h—sm
(3 marks)



(a)

(b)

(c)

Let @ be areal number such that cos78 #0 .

(i) Prove that itan 78 = {1 0}__"_“_”:1"_8?1. )
(1+itan@)’ +(1—itan @)’

(ii) Using (a)(i), or otherwise, prove that

tan’ @ — 21tan® @ + 35tan’ 6 - Ttan &

tan 78 = = = —
Ttan” @ —35tan” @ + 21tan" 0 -1

(6 marks)

Using (a)(ii), prove that the roots of the equation x° —21x" + 35x*-7=0 are

T r 6
tan Jan—,...,fan— .
7 7 7

{4 marks)

Using (b) and relations between coefficients and roots, evaluate

{ ax} 27y 3
(i) [ tan® Z | tan? 22X | tan® 2% |
A 7 TN 7)
c: i 2 2w 237
tan” —+tan” —+tan” -
L 7 7 7
{5 marks)
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FORMULAS FOR REFERENCE

sin(A4 = B)=sin 4cos Btcos Asin B

cos( A+ B) = cos Acos BT sin Asin B

tan 4 *tan B

tan( At B) = ————
( ) IFtan A tan B

A+B _A-B

sin A+sin B=2sin cos—

A+8 . A-B
sin——
2

sin A—sin B=2cos

A-8B

2

A+ B
cosA+cos ff=2cos

cos

. A+B . A-B
cos A —cos B8 =-2sin sin

2sin Acos B = sin(.4 + B) +sin(4 - B)
2cos Acos B=cos( A+ B)+cos(4- B)

2sin Asin B = cos(A - B)—cos(A + B)

SECTION A (40 marks)
Answer ALL guestions in this section.
Write your answers in the AL(E) answer book.

Iz (a) Prove that lim xlnx=0 .
x-l*
(b) Let k beareal constantand f:R — R be defined by
sinx+cos2x +k when x<0,
f(xy=
P nx when x>0 .
It is given that f(x) is continuousat x=0 .
(i) Find & .
(ii) Is fix) differentiable at x=0 7 Explain your answer.
(6 marks)
2. Define f(x)= . forall xe(0.4) .
dx—x"
(@)  Provethat (dx-x7)"(x)=(x=2)f(x) .
Hence prove that (4x —x” )YV (x) = (2n+ Dix - 2)F(x) + o2 £ "(x) for all positive
integers n, where £ =f
(b) Using (a), or otherwise, evaluate £7(2) and f[s}(Z} :
(6 marks)
3 Let f:R—R bedefined by f{x) = |x=1|-ix+1|.
(a) Sketch the graph of y = f(x) .
(b) Is f asurjective function? Explain your answer.
(c) Let g:R—R bedefinedby glx)=f{x-D—-flx+1)+1 .
(i) Prove that g is an even function.
(0] Sketch the graph of v =g(x) .
(7 marks})
W07-AL-P MATH 2-3 3



4 (a) Using integration by parts, find Je’sin xdx .
e Tk
(b) Evaluate lim —Zc .
Ae N =l n
(7 marks)
5 (@  Find J[———("‘Z“I‘j)] e
x
(b) Let D be the region bounded by the curve y= @ and the y-axis. Find the volume of the
x+2
solid of revolution generated by revolving D about the x-axis.
{7 marks)
6. Consider the curve J': = : Y , where reR .
y=a
(a) Let A(a® +1,2a) and B(b” +1,2b) be two distinct pointson I .
(i) Find the equation of the normal to /™ at 4.
(ii) Prove that AB isnormalto " at A4 ifand onlyif a® +ab+2=0 .
{b) It is given that P(10,-6) isapeinton I" . Find two points on [” , other than P, at which
the normals to [~ intersectat P .
(7 marks)
2007-AL-P MATH 24 4

SECTION B (60 marks)
Answer any FOUR questions in this ion. Each q
Write your answers in the AL(A) answer book.

carries 15 marks.

(x+15)(x+1)°

7. Let f(x)= =
(x—6)

(x26).
(a) Find f'(x) and f"(x) .

(b Solve each of the following inequalities:
(i) f'(x)=0,

(i) f(x)=0 .

(3 marks)

(2 marks)

(c) Find the relative extreme point(s) and point(s} of inflexion of the graph of y =f{x} .

(d) Find the asymptote(s) of the graph of y=f(x) .

(e) Sketch the graph of y=f(x) .

8 Let f:R— R and g:R— R be continuous functions such that

_ 8 s [ -8t e e [F-u
f(x) =™ +3¢ Le e(dr and g(x)=e* —3e _Le (o) de

forall xeR .

{a) Find f(0) and g(0) .

(b) Prove that f'(x) =8f(x)+3g(x) forall xeR .
Hence find (0) .

(c) Prove that £"(x)—10f"(x)+25f(x)=0 forall xeR .

(d) By considering the second derivative of ¢ ** f(x) , find f(x) .

(e) Find g(x) .

2007-AL-P MATH 2-5 5

(4 marks)
(3 marks)

{3 marks)

{1 mark)

(3 marks)
(4 marks)

(5 marks)

(2 marks)

Goontothenextpage >



A

i
9. (a) For each non-negative integer n, define [, = J‘ 7
0x"+4
x+2 x—2
i Werify that =
4 ’ 4 KT e2x#2 2P -2x42
Hence evaluate [ .
i Provethat [, + 4/, = —— .
(i) b el " anel
L] ] ] L4
H rove that [, = (—4Y"*' 1, + (—-4)" “—] ;
enc provtat 1, =47y + (473 (5
(iii) Provethat [, <1, .
L3
Hence, or otherwise, prove that  lim (:;-] fa=0.
nsm\ 4
(12 marks)
o L3
. 1 (-1
(h) Using (a), evaluate é 4&+|{T] 2
(3 marks)
10 (a) Using integration by substitution, find Va® —x dy , where a isa positive constant.
(3 marks)
(b} Let a and b be positive constants. Consider the curve £: y=2 a’—x* |, where D<x<a .
a
Prove that the straight line y=my+c is a tangent to £ if and only if m<0 and
c=4f amt el
(4 marks)
I ]
(c) Consider the curve E;: y=+27- 3x" , where 0<x<3 , and the curve E;: y= ,JS’ — IT s
where l]<x<3\1§ .
(i) Find the point of intersection of £, and E, .
(i) Let L bethe common tangentto E, and E, .
(1 Find the equation of £ .
() Find the area of the region bounded by E, , E; and L .
(8 marks}
2007-AL-1" MATH 2-6 6

(a)

(b)

(c)

Suppose that 0<a<bh . Using Mean Value Theorem, or otherwise, prove that

1 tan h-tan'a 1
———————s

1+4° b-a l+a*

(i) Prove that ta.n:%rﬂ +J2_ %

(i) Using (b)(i), prove that mn% =lex2=E=2.

Using (a) and (b)(ii), prove that 3(6 —+2) < 7 < 24(J6 +2=43-2) .

END OF PAPER
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(4 marks)

{7 marks)

{4 marks)



