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SECTION A (40 marks) 
Answer ALL questions in this section. 
Write your answers in the AL(E) answer book. 

1. A sequence � �na  is defined by 11 �a , 32 �a  and nnn aaa �� �� 12 3  for all 
�3,2,1�n . Using mathematical induction, prove that  
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nn

na 2
173

2
173

17
1  for any positive integer n . (6 marks) 

2. Let n
kC  be the coefficient of kx  in the expansion of � �nx�1 . 

(a) Using the identity � � � � � �nnn xxx ���� 111 2 , prove that the coefficient of 

nx  in the expansion of � �nx21�  is � � � ��
�

�
n

k

n
k

k C
0

21 .

(b) Evaluate

(i) � � � ��
�

�
2005

0

220051
k

k
k C ,

(ii) � � � ��
�

�
2006

0

220061
k

k
k C .         (7 marks) 

3. Let � �xp  be a polynomial of degree 4 with real coefficients satisfying � � 00 �p ,

� �
2
11 �p , � �

3
22 �p , � �

4
33 �p  and � �

5
44 �p .

(a) Let � � � � � � xxpxxq ��� 1 .
(i) Evaluate � �0q , � �1q , � �2q , � �3q  and � �4q .
(ii) Express � �xq  as a product of linear polynomials. 

(b) Evaluate � �5p .          (6 marks) 
4.

(a) Resolve � �� �32
369
��

�
xxx

x  into partial fractions. 

(b) Express � �� ��
� ��

�n

k kkk
k

1 32
369  in the form 

321 �
�

�
�

�
�

n
D

n
C

n
BA , where A,

B, C and D are constants. 

(c) Is there a positive integer N such that � �� � 8
32

369
1

�
��

��
�

N

k kkk
k ? Explain your 

answer.            (7 marks) 
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5. For every positive integer n, define �
� �

�
n

k
n kn
x

1

1  and �
�

� �
�

1

1

1n

k
n kn
y .

(a) Prove that the sequence � �nx  is strictly increasing and that the sequence 
� �ny  is strictly decreasing. 

(b) Prove that the sequence � �nx  and � �ny  converge to the same limit.  
             (7 marks) 

6. Let a, b and c be positive real numbers such that 3222 ��� cba .
(a) Using Cauchy-Schwarz’s inequality, prove that 

(i) .3��� cba
(ii) 3333 ��� cba .

(b) For every 2�n , 3, 4… , let � �nP  be the statement 3��� nnn cba .
Prove that for any integer 2�k ,
(i) If � �kP  is true, then � �kP 2  is true; 
(ii) If � �kP  is true, then � �12 �kP  is true.    (7 marks) 

SECTION B (60 marks) 
Answer any FOUR questions in this section. Each question carries 15 marks. 
Write you answer in the AL(A) answer book. 

7. Consider the system of linear equations in x, y, z

� � � � � �
� � � ��

�

�
�

�

�����
�����

���

7112
3132

4
:

zbyax
zbyax

zayx
E , where �ba, R.

(a) Prove that (E) has a unique solution if and only if 1�a  and 0�b . Solve 
(E) in this case.          (6 marks) 

(b)
(i) For a=1, find the value(s) of b for which (E) is consistent, and solve (E) 

for such value(s) of b.
(ii) Is there a real solution (x, y, z) of 

�
�

�
�

�

���
���

���

14344
622

4

zyx
zyx

zyx

satisfying 142 22 ��� zyx ? Explain you answer.  (7 marks) 
(c) Is (E) consistent for b=0? Explain your answer.    (2 marks) 
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8. Let ��


�
��
�

� �
�

mm
mm

M , where 0�m .

(a) Evaluate 2M .           (1 mark) 

(b) Let ��


�
��
�

�
�

dc
ba

X  be a non-zero real matrix such that XMMX � .

(i) Prove that bc ��  and ad � .
(ii) Prove that X  is a non-singular matrix. 

(iii) Suppose that ��


�
��
�

�
�� �

10
01

6 1XX .

(1) Find X.

(2) If a>0 and � � 22 MkXM ��� , express k  in terms of m .

           (10 marks) 
(c) Using the result of (b)(iii)(2), find two real matrices P and Q, other than M

and –M, such that 444 MQP �� .       (4 marks) 
9.

(a) Let b, c, d�R and � ,   and !  be the roots of the equation 

023 ���� dcxbxx .

for every positive integer k , define kkk
kS ! � ��� .

(i) Using relations between coefficients and roots, express 1S , 2S  and 

3S  in terms of b, c and d.
(ii) Prove that 0121 ���� ��� kkkk dScSbSS  for any positive integer k.
(iii) Suppose d=bc. Using the results of (a)(i) and (a)(ii) prove that 

� � nn
nn bcbSS 21212 ���  and � � nn

nn cbSS 21122 ��� �  for any positive 

integer n .            
            (11 marks) 

(b) Find three numbers such that their sum is 3, the sum of their square is 3203 
and the sum of their cubes is 9603.       (4 marks) 
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10.
(a) By differentiation � � xxxxf �� ln prove that 011ln ���xx  for all 

0�x .            (4 marks) 

(b) Let a be a positive real number. Define � �
x

axg
x 1�

�  for all 0�x . Prove 

that g is increasing.          (3 marks) 
(c) Let p and q be real numbers such that 0�� qp .

(i) Suppose that al, a2,…,an are positive real numbers satisfying 

na
n

k

q
k ��

�1

.

Using (b), prove that na
n

k

p
k ��

�1

.

(ii) Suppose that b1, b2,…,bn are positive real numbers. 

Using (c)(i), prove that 
qqn

k
k

ppn

k
k b

n
b

n

1

1

1

1

11
�
�


�
�
�
�

�
��

�


�
�
�
�

�
��
��

.

Hence prove that 

q

qn

k
k

p

pn

k
k b

n
b

n ��
�
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�

��
�

�

�
��
��

1

1

1

1

11 .   (8 marks) 

11. Let "# $$0 .
(a) Solve the equation ## sincos2 iz �� .      (2 marks) 

(b) Let u1 and u2 be the roots of the equation � � ## sincos1 2 iu ��� , where 

� �1Im u <0.
(i) Find u1 and u2.

(ii) Prove that 
4

tan
1

2 #i
u
u

�� .

Hence, find all the integers n for which 
n

u
u

��


�
��
�

�

1

2  is a real number. 

(iii) Prove that � �### 3sin3cos
4

cos2 121212
1 iu �� .

Hence, find all the values of #  for which 12
2

12
1 uu �  is a real 

number.           (13 marks) 

END OF PAPER 
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SECTION A (40 marks) 
Answer ALL questions in this section. 
Write your answer in the AL(E) answer book. 

1. Evaluate

(a) � �1ln

1
lim

13

1

35

0 �

��%
�

& x

dttt
x

x
,

(b)
x

x
x

1sinsinlim
0&

.           (6 marks) 

2. Let :f R&R be defined by 

� �
�
�
��

�
number.evenannotis when 2

number,evenanis when 1
x
x

xf

(a)
(i) Sketch the graph of � �xfy �  for 44 ��� x .
(ii) Is f  a periodic function? Explain your answer. 

(b) Let :g R&R be defined by � � � � � �xfxfxg ��� 1 .
(i) Sketch the graph of � �xgy �  for 44 ��� x .
(ii) Is g  an injective function? Explain your answer.    

            ( 7 marks) 

3. For any positive integers m and n, define #
#
#"

dI n

m

nm %� 4
0, cos

sin .

(a) Prove that nm

nm

nm I
n
m

n
I ,2,2 1

1
2

1
1

1
�
�

��

�

�
�
�

�
�

�

�� .

(b) Using the substitution #cos�u , evaluate 1,3I .

(c) Using the results of (a) and (b), evaluate 5,7I .    (7 marks) 

4.

(a) Using the substitution 21 xt �� , find %
�

dx
x

x
2

3

1
.

(b) Evaluate �
�

'& �

n

kn kn
k

n 1
22

3

3

1lim .       (7 marks) 
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5.

(a) Find % ydyln .

(b) Find the volume of the solid of revolution generated by revolving the region 

bounded by the curve 
2

2xy �  and the straight line 2�y  about the y-axis.

             (6 marks) 

6. Let the equation of ellipse E be 12

2

2

2

��
b
y

a
x , where a and b are two distinct 

positive constants. The coordinates of the points P and Q are ( #cosa , #sinb )

and ( � � #cosba � , � � #sinba � ) respectively, where 
2

0 "# $$ .

(a) Prove that 
(i) P lies on E,
(ii) The straight line passing through P and Q is the normal to E at P.

(b) Let c be a constant such that the straight line cyx �� ## cossin  is a 
tangent to E. Express the distance between P and Q in terms of c.
             (7 marks) 

SECTION B (60 marks) 
Answer any FOUR questions in this section. Each question carries 15 marks. 
Write your answer in the AL (A) answer book. 

7. Let � �
6

62

�
��

�
x
xxxf � �6�x .

(a) Find � �xf (  and � �xf (( .         (2 marks) 
(b) Solve each of the following inequalities: 

(i) � � 0�( xf
(ii) � � 0$( xf
(iii) � � 0�(( xf
(iv) � � 0$(( xf .          (3 marks) 

(c) Find the relative extreme point(s) of the graph of � �xfy � . (2 marks) 
(d) Find the asymptote(s) of the graph of � �xfy � .    (3 marks) 
(e) Sketch the graph of � �xfy � .       (2 marks) 
(f) Find the area of the region bounded by the graph of � �xfy �  and the 

x-axis.            (3 marks) 
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8.
(a)

(i) For any two distinct positive integers m and n, evaluate 

%
"

0
coscos nxdxmx .

(ii) For any positive integer n, evaluate %
"

0
cosnxdx  and %

"

0

2cos nxdx .

           (5 marks) 

(b) Using integration by parts, prove that � �
20

2 21cos
n

nxdxx
n "" �

�%  for any 

positive integer n.         (3 marks) 

(c) Let N be a positive integer and � � �
�

��
N

m
m mxaaxf

1
0 cos , where a0, a1, … 

aN are constants. It is given that � �� � 0
0

2 ��% dxxxf
"

 and 

� �� � 0cos
0

2 ��% nxdxxxf
"

 for all �n 1, 2, …, N.

(i) Find a0.

(ii) Prove that � �
2

41
n

a
n

n
�

�  for all �n 1, 2, …, N.

(iii) For any positive integer k, let � �� � � �xdxkNxxfIk % ���
"

0

2 cos .

Evaluate kk
I

'&
lim .         (7 marks) 

9.

(a) Prove that 0lim 10
�

�

& �

x

n

x
e

x  for any positive integer n.   (3 marks) 

(b) Let � �
��

�
�
�

�

�
� �

.0 when 

.0 when 0
1

xe

x
xf

x

(i) Find � �xf (  for all 0�x .
(ii) Prove that � � 00 �(f .

Hence prove that � �xf (  is continuous at 0�x .

(iii) For any x>0, prove that � �� � �

�

�
�
��

�

x
pexf n

xn 11

 for any positive integer 

n , where � �tpn  is a polynomial in t.
(iv) Prove that � �� � 00 �nf  for any positive integer n.   (12 marks) 
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10. Let the equation of the parabola P be axy 42 � , where a  is a non-zero constant. 
(a) Find the equation of the normal to P at the point ( 2at , at2 ). (3 marks) 
(b) The normals to P  at two distinct points ( 2

1at , 2 1at ) and ( 2
2at , 22at )

intersect at the point (h, k). Let � �213 ttt ��� .
(i) Prove that the roots of the equation � � 023 ���� kthaat  are t1, t2

and t3.

(ii) Does the normal to P at the point ( 2
3at , 2 3at ) pass through the point 

� �kh, ? Explain your answer. 
(iii) Express 133221 tttttt ��  and 321 ttt  in terms of a, h and k. (8 marks) 

(c) Let A and B be two points on P at which the normals to P are perpendicular 
to each other. Using the results of (b)(iii), or otherwise, find the equation of 
the locus of the point of intersection of the two normals as A and B vary. 
             (4 marks) 

11.
(a) Let :f R&R and :g R&R be continuous on [a, b] and differentiable in 

(a, b), where a<b. Suppose that � � � �bgag �  and � � 0�( xg  for all 

� �bax ,� . Define � � � � � � � � � �
� � � � � � � �� �agxg

agbg
afbfafxfxh �

�
�

���  for all 

�x R.
(i) Find � �ah  and � �bh .
(ii) Using Meaning Value Theorem, prove that there exists � �ba,� 

such that � �
� �

� � � �
� � � �agbg

afbf
g
f

�
�

�
(
(
 
 .      (5 marks) 

(b) Let :u R&R be twice differentiable. 
For each �x R, :F R&R and :G R&R be defined by 

� � � � � � � �� �txtutuxutF �(���  and � � � �
2

2txtG �
� . For each xc � , prove 

that there exist I�!  such that � �
� �

� �
� �cG
cF

G
F

�
(
(
!
!  and 

� � � � � �� � � �� �2
2

cxucxcucuxu �
((

��(��
! , where I is the open interval with 

end points c and x.          (5 marks) 

(c) Let :v R&R be twice differentiable. It is given that � � .2006lim
0

�
& x

xv
x

(i) Prove that � � 00 �v . Hence find � �0v( .
(ii) Suppose that � � 2�(( xv  for all �x R. Prove that � � 22006 xxxv ��

for all �x R.          (5 marks) 


