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FM (Z)
Solution Marks
1. (@ |lx]-6]|<3
-3<|x|-6<3 1A
3<|x|<9 1A
|x|23 and |x|:§9
(x23 or x<-3) and (-9<x<9) M
-9<x<-3 or 3<x<9 1A
Case 1: |x|26 1M for dividing cases
|x|-6<3
|x|<9
-9<x<9
. -9<x<-6 or 6<x<9 1A
Case2: |x|<6
-(|x|-6)<3
|x|23
x23 or x<-3
-6<x<-3 or 3<x<6 1A
Thus, the required solutionis -9<x<-3 or 3<x<9 . 1A
(b) Putting x=1-2y , we have IM

9<1-2y<-3 or 3<1-2y<9
-10<-2y<-4 or 2<-2y<8
2<y<5 or —4<y=<-1 1A

-4<y<-1 or 2<y<5.
)
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2. @) (+x)"=Cl+Cl'x+Cix> +--+Cx" 1A

Putting x =1 and with the help of Cg =1, we have

Cl'+Cy +C] +--+Cy =2" ~1 1A

() (+x)"=Cf+Clx+Cyx? +--+Cpx"

Differentiate both sides with respect to x , we have 1M

Cl+2C)x+3CIx? +-4+nClx"" =n(1+x)"" ... ™)

Putting x =1 , we have

1A

Cl 4+2CH +3CI +--+nCl =n(2"") .

Let S=C +2Cj +3Cy +---+nC, . Then, we have

25 = (0C§ +Cf +2C5 +3CY 44 nCp)+(nCp +(n=1)Cp_y +(n=2)Cpy_y +++0Cg)
25 = (0C) +Cf +2C5 +3CY 4 nC)+(nCQ +(n=1)C{ +(n=2)C3 +-+0Cp)
28 =nC§ +nC{ +nC3 +---+nC,

28 =n(CJ +CJ +CJ +---+CF)

25 =n(1+2" —1) (by (a) with the help of CZ =1)

IM for C} =C,_,

28=n(2")

S=n(2"") 1A

Thus, we have CI" +2C2 +3CI +--+nCl =n(2"™") .

Note that C; = rinl) _ - __ i IM
rin=r)t (r=-Di(n-r)!

. Cy +2C3 +3C] +--+nC)

= nCy +nCP 4 nCyt 4+ nCl

=nCy+C +C e CIT)

=n2" ") ' 1A

/
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(c) Multiply both sides of (*) by x, we have
Clx+2C8x? +3CIx> ++-+nClx" = nx(1+x)""
Differentiate both sides with respect to x , we have
Cl +22Chx+32Cix? 4ot n?CIx" T = a1+ %) +n(n-Dx(1+x)"? 1A
Putting x =1, we have
Cl+22CI +32CT 4+ 4+n°Cl =n(2" ") +n(n-1)(2"?)

=2"22n+n%~n)
= 2"2(n? +n) 1A
n(n+1)(2"%)

It

Differentiate both sides of (*) with respect to x , we have
2C +3(2) CIx +4(3) Cox? 4+ n(n=1) C2x"? = n(n - 1)(1+ x)"
Putting x=1, we have
2C7 +3(2) CI +4(3) CI +-+n(n=1) CI = n(n—1)(2""%) 1A
By (b), we have

Cr+2%CI +32C) +---+n2C!
= (C]' +2C% +3CF 4+ nCp) +(2CY +3(2)CT +4(3)CY ++++ n(n-1)Cp)
=n(2" Y+ n(n-1)(2"?)
=2"2(2n+n* -n)

=2"%(n® +n) 1A
=n(n+1)(2"%)

Cl +22C) +32CI +--+n2C!
=n(CE 420" +3CI 44 nCl)) (= rcr=ct) 1A
=n(C T+ O e CP (T #2087 4 3G 4+ (= 1)CRT)
=n@2" ) +n(n-1)(2"?) ( by (a) and (b))

=2"22n+n% -n)

=2"%(n? +n)

=n(n+1)(2"?) 1A

—)
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5x—3 A. B C
. =2 . IM
@ x(x+1)(x+3) x+x+1 x+3
5x-3=A(x+D)(x+3)+Bx(x+3)+Cx(x+1)
Putting x=0, -1, =3, we have
A=-1, B=4, C=-3 1A
5x-3  _-1__4 __3
x(x+1)(x+3) x  x+1 x+3°
. 5k—3
® Zk(k+1)(k+3)
=i 1, 4 3 )
kK k+1 k+3
k=1
(1, 1
N[ IM
H( P )+3z[k+1 k+3)
] 1.1 1 1
N S e —— 1A
P 1‘“3[2‘“3 nt2 n+3)
3.1 o1 ]
T2 n+l 3(n+2+n+3]
341 23 -2 >0)
2 n+l n+2 n+3
_ 3 2n+l
2 (n+1)(n+2)
3 1
2
Z": 5k-3
Lt e(k +1) (k +3)
- "(_L 4 __3 ]
k k+1 k+3
k=1
S 1, 1] (1 1
- —_—— —— 3 ——
( k+k+lj+ Z[ku k+3) M
k=1 k=1
1 11 1
= —l e —
n+1 +3(2 3 n+2 n+3] 1A
_3, 1 _3[ 1 1 )
2 n+l n+2 n+3
3 5n*+16n+9
2 (n+1)(n+2)(n+3)
3
< =
5 1
. 5k -3
(i) Zk(k+1)(k+3)
(3. 1 3 3
= lim| = - IM
,,5‘30[2+n+1 ) n+3)
= 3 4 tim —— =3 lim —— 3 lim —
2 noep+l nson+2 nson+3
_3 1A
2
U
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4, (a) (i) When n=1, x;=2>1
1 1 11 1
d 1- :]—-—-—-—-—:I—-»—-:—--:—=S
me T 1T T3 22 5
the statements are true for n=1 . 1
Assume that x, >k and S, =1- I for some keN.
Xes1 —
Then, x;,,
= x, 0 —x; +1
= x(x, —1)+1 M
> k(x, —1)+1 (v x,>k=21)
> k+1 (v x, 22 since x; >1 and x, isan integer)
Xy k1 1
Then, x,,
= ):J,‘2 —x; +1
= (-1 +x, 1M
> x; (v xy>1 since x, >k=1)
Note that x, is an integer forall neN .
Xy 2 X +1
Xpqy >k+1 (v xp>k) 1
(i) Also, Sy, =S +— M
Xh+1
e b1
Xpa =1 Xpy
-1+ "xhl:x.ul -1
Xpel ~ X4l
1
= l— 2
T T I
= ]__l_.._ 1
Xz —1
by mathematical induction, the statements are true for any positive
integer n .
n 1
(b) By()i), x, >n = x, >0 = {S,} is(strictly) increasing ( as S, =Z—).
i=1 M
Also, by (a)(ii), S, =1- <1 = {S,} isbounded aboveby 1.
Xpsl —
Thus, lim S, exists. 1
H—00
By (a)(i), x, >n = x, > © as A-—>® IM
I —0 as n—ow
Xy -1
=  lim-—1—)=1
H—r xn-r'l -
By (a)(ii), lim S, exists (and equalsto 1). 1
n—»o0
---------- )

/
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5. (a) uxv
= (An+(1-A)m)x(2(1-A)n - Am)
= 2A(1-A)nxn+2(1-2)’mxn-A2nxm-A(1- A)mxm 1A
= 2(1-2)’mxn-A*nxm (v nxn=0=mxm)
=(2(0-2)%*+2A*)mxn (- nxm=-mxn)
= (327 -4A1+2)mxn 1
(® @) [mxn|=[m|[n]sin

- A

=@ 0))

=6 1A

(11) Area of the parallelogram
= l uxy | 1A

- l(2—4.1+3/12)mxn'|

=6|3;Lz —4,1+2|

Note that 31% —41+2

248 2
=3(A-) += 1M
= 5 for afly real A

Thus, the smallest area of the parallelogram
-
= 6=
)

=4 1A
ereeeno(6)

/
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6. (a) “=" Letthe threerootsbe a—d , a, a+d . Then, 1M
a-d+a+a+d=-p 1A-=<mm .
3a=-p i
]
' 1
a= 3 1 :
)
—p . :
=3 is a root of the equation. either one

“e<=" Let «, —p»— , ¥ be the three roots. Then,

E Peree e '
2] |

~(F)(5)

the three roots form an arithmetic sequence.

a+y=2

f'_"‘\

(b) By (a), % is a root.

3 3
-P P
—_— = 1M
27 + 9 p+p=0
p*-81p=0
p(p-9N(p+9)=0
p=0,9o0r -9 1A

When p=0 , the equation becomes
x*+21x=0
x(x?+21)=0

x=0 or —Jﬁz’ or Jﬁi

p =0 is rejected since some of the roots are unreal. 1A

When p=9, _the equation becomes

x° +9.x +21x+9 0
(x+3)_(x +6x+3) 0

x=-3 or x—_6+‘(_
x==3, —34\/6_ or ~'3+J5

When p=-9 , the equation becomes
2} ~9x? +21x-9=0
(x=3) (x> —6x+3)=0

x=3, 346 or 3446

Thus, the two values of p are =9 and 9. 1A
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7. (a) (i) (E) has a unique solution
< A#0 M
1 a -1
o A=(2 -1 a |#0
-1 24°> a-3
o -2a°-7a*+5a+4#0 1A
< —(a-1)(2a+1)(a+4)#0
& a#l, a;e:z—l— and a#—4
-1 -1
=1 a<—4,—4<a<?,?{a41 or a>1 1A
The augmented matrix of (E) is _
1 a -1 0 1 a -1 0
2 -1 a |-2a| ~ 1|0 -2a-1 a+2|{-2a
-1 2a* a-3| 2a 0 2a’+a a-4| 2a
(1 a -1 0
~10 -2a-1 a+2 -2a 1A
0 0 (a+4Xa-1)|2a(l-a)
(E) has a umique solution
< (a+4)(a-1)#0 and -2a-120 M
& a#l, a:t-':il and a#-4
-1 -1
o a<—4 -4<a«c~j— s 7<a<l or a>1 1A
When (E) has a unique solution,
0 a -1
—-2a -1 a
2a 24’ a-3 _
¥ = @ ¢ = 2a(4a+1)(a-1) 1M for Cramer’s rule
A A
_ —2a(4a+l)
T (2a+1)(a+4)
1 0 -1
2 -2a a
- -1 2a a-3 _ —4a(a-1)
- A T
__fa
(2a+1)(a+4)
1 a 0
2 -1 =24
1 2a°>  2a _2a(2a+1)(.a~1}
- A N A
- —2a 1A+1A (1A for anyone, 1A for all)
a+4
/
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When (£) has a unique solution, the augmented matrix of (E) becomes
1 a2 1] 0 la -1 0
0 -2a-1 a+2|-2a ~(a+2) | 24 M
—2a-1 a+ ~ |0 1 7 | 2a+1
-2a -2a
0
k 0 ! a+4) 00 1 a+4 J
) o2 —2a(4a+1) )
1 a -1 2a 1 0 0| 24+1 4
Sa+l | 2a+l1 2a+1)(a+4)
- ~@+2) |2a_| -~ |01 0|42 _
O b =1 | 2a+1] (2a+1)(a+4)
—2a 00 1 —2a
00 1 —4 o
-2a(4a+1) 4q —2a
S e A P .- M i 1A+1A (1A f 1A for al
T a+l)(a+4) > YT Qa+l)(a+d) ’ ° T a+4 (1A for anyone, 1A for all)

(ii) (1) When a=1, the augmented matrix of (£) becomes

1 1 =110

0 -3 3|-2 1A

0O 0 0)0
the solution set is —-ﬁ, 2+3t,r :teR} . 1A accept (i,z,i_—% ‘teR

3 3 3 3 :
(2) When a=-4, the augmented matrix of (E) becomes

1 -4 -1 0

0 7 -2{ 8 1A

0 0 0|-40

(E) is inconsistent. 1A

—T)
(b) Putting a=1 into (E), by (a)ii)(1), x=“—32, yZ-Z—;’i and z=1. 1Maccepu=-‘33, y=1 md =3’3—2-

Thus, 24x° +3y2 +2z

2\ (2+43) 2 Y :
24(— 5) + 3[ 3 ] + 2t 1M accept 24{— —) + 3(:2 )+ 2(3—’3;3)
3

= 317 + 6t +12

=30+1)*+9 1A accept 3(¢ +%)2 +9
> 9 for all real values of 7.

the least value of 24x” +3y* +2z is 9 and 1A

the corresponding values of x, y, z are :3?; , :3]— -1 respectively.| 1A

¢
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8. (a) 9.
2-a ‘/37:0
3 o-a
o al+2a-3=0 1A
< (a-Di{a+3)=0
< a=1 or a=-3 1A

——)
(b) By(a), @, =-3 and a, =1

5 L ) )

- 1 3 a.:.os@1 _ 0
33 Jising, 0
< tan&,:;l 1A
V3
o 9,:21‘51 (- 0<6 <x) 1A
2-a, 3 (cosé'z]z(o]
- -3 3 c.c-st?2 _ 0
J3 —1/lsiné, 0
< tany =3 1A
=N 93:% (: 0<6,<r) 1A
-3 1
2 2
P=
1B
2 2
-3 1=
2 2 2 2 1 0
P? = = 1A
- IR S U
2 2 )\ 2 2
-3 1 N
2
if n=13,5,...
P 1 3/_5 > IM for dividing into 2 cases +
2 2 1A for all correct answers
bo if 2,4,6
i =2,4,6,...
Lo 1 " J

J
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-3 5 -3 l]
_ 2 2 |[-2 N3] 2 2
p-'[ 2 ‘E]P: (v P'=P)
oo 1 BB 0) 1
2 2 2 2
W33
2 2|l 2 2
T R
2 2 2 2
-3 0 . .
=1 l] which is of the required form. 1
---------- ®)
© By®), P| 7 ‘E\P=[_3 OJ
: Ny 0 1
-2 )Y (3 o
(p [ﬁ ; pJ _( . 1) IM+1A
-2 3)  ((-3) oJ
Pi P = 1A
[J3_ 0 [ 0 1
-2 1./3— ’ (—3)" 0) -1
=P P 1A
& AT
(=B 1 =B
2 2 [(3)" o) 2 2
1ojloe 1)1
L2 2 2 2
SBEYy 1= 1
2 2|l 2 2
3" B 1 A3
2 2 2 2
1
14173 32(14(-1) ‘3)
4 4
_ 1A
1
35(1+(—1)"*'3") 3(1+(-1)"3"“)
\ 4 4
---------- ©)
!
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9. (a) (i) Supposethat aa+ fb+yc=0 forsome «,f,yeR.
Then, a(p,q,0)+ B(g,— p,0)+y(0,0,r)=0 . Therefore, we have
pa+qgf+0y=0
(*): { ga—-pB+0y=0
Oa+0f+ry=0

p g 0
Notethat |g —p O|=—r(p?+¢*)#0 (v p,g,r#0) 1M
0 0 r
(*) has trivial solution only
a=f=y=0
Thus, a, b and c¢ are linearly independent. 1

Suppose that a¢a+ b+ y¢=0 forsome scalars a, f and y .
Then, a-(aa+fb+yc)=0 1M
(pz+q2)af=0 (- a-a=p2+qz and a-b=a-c=0)
~a=0 (v p,g#0 )
So, b-(fb+yec)=0
(¢*+p*)B=0 (~ b-b=g’+p* and b-c=0)
B=0 (v p,g#0)
Therefore, ¢-(¥¢)=0
rPy=0 (v ce=r2)
y=0 (= r=0)
Thus, a,b and ¢ are linearly independent. 1

(i) Let d=(d,,d, d;) . Consider the system of equations in «, S, y
pa+qpf+0y=d,

(**): ga-pf+0y=d,
Qa+0p8+ry =d,
p g 0
Notethat ¢ ~-p 0 =—r(p’+¢*)#0 (v p,gr=0)
0 0 r
there exists unique solution (&, £, ¥) which satisfies (**).
d=aa+fb+yc forsome «,f, yeR . 1A
Note that a-b=b-c=c-a=0 1A
d-a=aa-a=a]a[2:a:|d'|g (v 1812=p2+q2;ﬁ0)
a
Also, dh:ﬁb-h:ﬂ]b]zaﬁ:—l‘i—;l';’— ¢ b =g?+p 20\ 1y
b

Moreover, d-c=yc-c:y|c|2:>y:-[-(-l~'|§~ (v IC[Z-T?'E #0)
¢

Thus, d= "'g a+| b lp L e 1
|a] {b] le] .

!
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Let d=(d,,d,,d,). Consider the system of equationsin a, £, y
pa+qpf+0y =d,

(**): qa-pp+0y =d,
Oa+0f+ry=d,
p g 0

Notethat g —p 0 =—r(p2+q2);=0 (v pgr=0)
0o 0 r '

there exists unique solution (&, f, ¥) which satisfies (**).

d=aa+fb+yc forsome a,f, yeR . 1A
By Cramer’s Rule, '

d g 0 \
d, -p 0

d; 0 -r| pd +qgd, d-a
-r(p*+q*)  p+d® |l

¢ |al*=p*+4")

P dl 0
d, 0

gd” i >1M+1A
- 23 2 zq; p21= - o[ =4%+p%)

-r(p°+q°) g +p {b|

P 4q dl

g -p 4,

0 0 d d .
=——2—;:_‘-{§—:£Ta=.d_..::_ ('.' ]clzer)

r(p+q*) r r° el Y,

Thus, d= d-a | .| 4Dy, _d-c c. 1
|af? bJ? Lk

Let d=(d,,d,,d;). Then, we have

{
d'?]a+[d‘?}3+[d'§]c
\lal b le]
(
d d, — pd d
= | P l+qd2 (p.g, 00+ T2 (q,~p,0)+[£-3—J(0,0,r) IM+1A
p’+q’ pl+q* r?
_ | p(pd, +qd;) +q(gd, —pdy) g(pd, +49d,)-p(qd, ~ pd;) 43} A
P2+q2 pg+qr2
_[@P+g®)d, (7 +e’)d;
L pi+g® | piigt
= (d,,d,, d;)

—)

!
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(b) (i) Assume v=0 . Then, we have

x=0 (- u=x)

‘X
2

x+(1)y+(0)z=0, where 10 1M
|x

= x,y and z are linearly dependent vectors.

It contradicts that x , y and z are linearly independent vectors.

Thus, v is a non-zero vector. 1
() (1) wv=x|y-|T>|x
Ix
=x-Y_(y‘?)|(:IX) (v u=x) IM
X

-y dx[)
Xy-——

x|?
=X-y-xy
=0
v‘w=v-[z—[ﬁ]1ﬁ—[;|§}v] (v u=x)
o (z-x)(v-u) (z-v)(v-v) L
=V Z-— liI - |v|2 (v u=x) IM
Z-V)|V
- |v);|z' (: vu=0)
=V-Z-V-Z (v z-v=v-z)
=0
w-u:[z—[z'ﬁJx—{z'i]v ‘u (v u=x)
x| [vl]
- (z-x)(x-u) (z-v)(v-u)
|x[? IvI?
=z-u—£—'|l-l;;iu—ﬂ (v u=x and v-u=0) M
u
=ZzZ-u-2z-u (- u-u=jul?) ’
=0
Thus, u, v and w are orthogonal vectors. 1A+1A (1A for anyone, 1A for all)
(2) w is perpendicular to the plane containing x and y . 2A
w is a normal vector of the plane containing x and y. 2A

—r(9)

'3
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10. (@) (a+b)" =a"+Cla"'b+Cla"?b* +--+CJb" ' 1A
a20, b20, n22 and C/' =n
(a+b)" 2a" +na"'b 1
The equality holds
if and only if Cfa" ?b*> =Cja" b’ =---=CJb" =0
ifand only if 5=0 ' 1A
e (3)
(b @ Ap — A
. al+az+a3+”'+ﬂk+]_al+az+ﬂ3+"'+ﬂk IM
- k+1 k
_ kak+1-(a|+{12 +a3+‘“+ak)
k(k+1)
_ (@ = @)+ (@ = 02) + (@ = @3) + -+ (G — )
k(k+1)
>0 (v g <a,<a;<<a,) 1

Thus, A4,,, 24, forall k=123,... .

It
}.

Qpa — G
B e v A <a
k+1 ( <A )

[\
=
+

a,..—a
> A4, 4kl ksl (v ay<agy)
k+1

= A, forall £=1,2,3,.... 1

@il) By (b)), Aysy =420
Note that 4, >0 and G, >0 forall keN .

A;H]kH
= (Ak +{(Apy — Ay ))M
> A kA4S (A - 4) (by(a)) 1A

Akk (A.k + (k +1) (AHI - Ak ))
Ak +1) Ay —R4,)

k
= Ak D4y 1

Thus, Ap,*"' 24 a,, forall k=1,2,3,....

/
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Now, we are going to prove the latter result by mathematical induction.
When n=1, A, =4 =a=G=G, .

Therefore, the latter result is true for n=1 .

Assume that 4, 2 G, and

A, =G, ifandonlyif a =a, =ay=---=a, ,where k is a positive integer.
Then, we have
Aknkﬂ
> 4, ay
> G, k a; ., ( by induction assumption ) IM for using induction assumption

= ayaydz - dgy
k+1

= Gki-l 1

Therefore, A,y 2 Gy -

Moreover, if a; =a, =a; =---=a;,, , then
a;+ay+as+--+a ,
Ak-i-] = ! 2 3 k1 :al and
k+1

1
o S e+
Grn =(@yaza; ---a; )" =aq,
Apii =G 1

Furthermore, if A4, =G,., , then
(A + A = 4N = 4 4 k404 (40 -4,) and 4* =G

Ary— A4 =0 (by(a)) and a) =a, =a; =---=a; (by induction assumption )
ay+a,+ay++ +ay+ay -+
a=ay=ay=--=a, and =2 a3 Givy _ G +dy + a3 i
k+1 k.
a]:alza3:.“:ak+] ]
Ay =Gy ifandonlyif oy =a;=ay=-=a, .

Thus, by mathematical induction, the latter result is true forall n=1,2,3,... .
—)

(©) Put a =1, a2=a3=a4=---=a,,=am,:”;1 . 1A

Note that a, a,.a;,--,a,,, are notall equal because a, <a,=a;=a,=--=aq, . M
By (b), we have
n+1 !

1+"(-*] n\nsi
L2 )
n+l1 n

n
n+2 41\ nel
> — 1
n+l n

Therefore, 1 +—1— > (l +1J "
n+l

n+l n
Thus, (l+ ] J >(]+l] I must show step(s)

n+l n

——

/
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Solution Marks
11. (a) (i) When 6=0, (*) becomes x* —ax? —¢=0 . So, we have
2 at+a® +4c
X5 e IM
2
Y=+ atva+ic Va’+4c 1A
B 2
(i) (1) x* =ax? +bx+c
o xt-ax?ttt =ax? -2 4 bx+c+t?
o (x2-0)? =(a-20x +bx+(c+1?) 1
(2) Note that (a—21)x2+bx+(c+12)=0 has a repeated root
& a-2t#0 and b%-4(a-2)(c+t*)=0 IM+1M
Further note that b2 —4(a—26)(c+12)=0 = a-21#0 (=~ b=0)| 1A
So, (a- 20)x? +bx+(c +1*)=0 has a repeated root
o b -4(a-20)(c+t*)=0
o 87 —4ar? +8ct +(b* —4ac)=0 1A

/

the equation 8¢> —4ar® +8ct +(b*> —4ac) =0 is of degree 3 .

there exists a real number 7, such that

8t,° —4at,” +8cty +(b* —4ac)=0 .
Hence, there exists a real number ¢, such that

(a-215)x> +bx+(c+ 102 )=0 has arepeated root A.
Therefore, (a- 2tu)x2 +bx+(c+ roz Y=(a—-2ty)(x~ A)?
Thus, by (1), (*) can be written as (Jc2 -1, )2 =(a-2t;)(x~- ,1)2 s
where A is the repeated root which is real.
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Solution Marks
(b) (6-26)x? +12x+(8+12) =0 has a repeated root

& (6-20)#0 and 12% —4(6-21)(8+1%)=0
& (6-20)20 and 2 612 +161-12=0
o 2P -6t2 +16t-12=0 (= 1#3) 1A
o 1237 48-6=0
o (@-D(@*-2t+6)=0
o 1=1 or 1=2%¥=20 ‘;20 (rejected)

areal value of ¢ is 1. 1A
Note that 4x% +12x+9=0 has a repeated root _2—3 1A
By (a), (**) can be written as

(? =1)? = 4(x+3)’ 1A

(x? -1)? =(2x+3)*

x?-1=2x+3 or x*-1=-2x-3 IM

x?-2x-4=0 or x*+2x+2=0

Y- 2i;/2_0 or xo —2¢2J—4

g ¢ 880

x=liJ§ or x=-1%i

Thus, all the roots of (**) are 1+J§, 1—-\/5_, =1+i and -1-17.
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12. (@) (i) z*+1=0
Z2n =-1
z =cosm+isinz
Z =C0S (2k+l)’r+tsin (2k+D)7 , where k=0,1,2,---,2n-1 . 1A+1A
2n n
(1) Let zk=cos(2k+l)x+15in 2k+l)7 forall £k=0,1,2,---,2n-1.
2n 2n
k-1 —k -
Then, 7, ., = cos (2@n-k )”)”Hsm (@Er-k-D+1)7
2n : 2n
= CDS[ZK—(—M)N]+fSiﬂ(2H—(2k+1)ﬂ)
2n 2n _
— cos (2k+1)’r—xsin(2k+l)x
n n
=z, forall k=0,1,2,---,n-1
2n-1
27 +1 = [Jz-20) M
k=0
#H((z 2)(z-2p) ) 1A
k=0
n=1 . .
= ]—-[(z2 —(zk+zk)z+zkzk) 1A
k=0 :
n-1
2k
- (22—22005 ( +1)”_+1] 1A
50 2n
Thus, we have
1
2k
i(zzul)——lw[‘[[ zcos “)”uj forall z#0
z" z" o 2n
n =1
2k +1
[z —2cos ( +)H — forall z=0
k=0 Z
n-1
k+1
—-1-—= z+———2 (2k+ )H) forall z=0 1 must show steps
z"

k=0

/
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Solution Marks
(b) (i) Put z=cos@+isind into (a)(ii), we have IM
n-]
(cosnﬁ'+isinnﬂ)+(cosm9—.-sinmﬁ‘)=H[(ws£+:sin6)+(ms€—isin9)—2ms%]
n-1
2cosn6=l—[(20059—2c05 (2k H)EJ 1A
n
k=0
n-1
2cosn€=2”H[cos&'—cos—(nﬂ)x} 0
n i
k=0 1
n—1 :
H cos @ —cos 2k + D= _ cosnd 1 i
2n - i
k=0
mtherone
(ii) Put z=-1 into (a)(ii), we have 1M accept put & =z into (b)(i) E
n-1 :
Qk+Dx i
2(-D" = -2- :
()H[zzcos 2n] :
k=0 :
n-| ]
2(-1)" =n[(-2)(2cos2(w)]] - IM 5
4n !
k=0 1
n-=}1 :
2(-1)" =(~2)"(2")Hcosz(——(zk+l)’r) . Smmmm e
4n
k=0
n-1
cos ((2k+l)zr} i A
k=0 4n -
Note that 0<(2k4+1)”<f- forall k=0,1,2,---,n—1, we have
H
&:])—”w forall k=0,1,2,--,n~1.
n=1
So, Hcos (2k+l)fr
k=0
n-1
Thius, COs oo Qk+lx l@— 1 must show reasons
i 4n 2"
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Typing mistakes in 2003 paper I Q. 8 P.5 line 2 last one word should be 6, =

2003 Pure Maths Paper II suggested solution

; 1
1. (@ lm——-
=0ginxy  lanx
. l-cosx
= lim—
x—0 SN x
. sinx .
= lim (L' Hospital rule)
*=0 COS X
= 0
: Ccos x |
(b) consider 0< = |cosx|£]
X x
|1 . |cosx
lim ~| =0 ..lim =0
X =pf) x Xy x
. COSX
s lim =0
X=po x
- cos x
. X—COSXx .
lim ———— = lim ——— =1
X—»0 ¥ +CQSX X =00 COsS X
1+
X

2 (a) f(x)=x%
1
Inf(x)=—Inx
x

1 1 1
= —1Ff'"(x)=—-—In
f(x) *) xr x? *

f'(x)=x* (I-lnx)=0

= Xx=¢
as l<x<e ['(x)>0
as x>e f'(x)<0

1

. f(x) attains absolute maximum at x = e and f(e) = e*

(b) by (@and 2<e<3-35>22 "m=3

2003 Pure Maths Paper 1 suggested solution
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(@) asx=>0. f(-=x)=-1=-M(x)
asx<0. f(-=x)=1=--1)=-f(x)

JLAU

f(0)=-f(0)=0
L f(-x) = -f(x) odd function
(b)y f(1)=1f(2) but 1+2 [isnotan injective function.
(c) A
=t
-1
©) -l
-2 x<-1
-1 x=-1
(d gx)=40 -l<x<l it is easy to sketch y = g(x)
1 ¥=1
2 x>1

g(x) discontinous at x = -1 and 1

2

‘-d_x Let rzlang cosle_tj dx =

2+Cosx 1+1°

1 2dt
= I' A S

2+l—r; 1417
1417

= [ 2dt

3412

= 2 L
NEEY
23 B

=——rtan —(tan + g
> 3( )

0

e 1 1 1
lim = dx
n—u ; k}‘r [ T
n| 2 +cos(—) 2+cos—x
2n 2

2 1
= —f- dt
x % 2+4+cost
E Ei[ o J_(td _)
0
_ 2B
9
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2 2 2 2
@ L= ¢.s f? 2 —sec® g—tan® @ =1

. Plies on H.

xsec/ ytan@

a b

1

(b) (i) tangenttoHatPis

xsec ytanf

S a b
solve b

y==x
a

1

a b
secl—tan@ secl —tand

O (

a -bh
secd +tané secd +tand

similarly O, (

(i) areaof AOPQ, :%

absecld B abtan@
sec —tan secH —tand

area of AOPQ, = s

0,P: PO, =1:1

6. @ |yv-1 -1 =1=0

=

x=
Vv

—~

(b Lz
z=1+2

t+t+2-1=0
= 2t=-1

1
=St=——
2

point of intersectionis (0.— % %)

(c) distance \/(0—0)2+(—%—{})2+{%—2)2 =—

x(x+1) e
. @ 1@= i&il)

L -1

x+2 =

2003 Pure Maths Paper 1 suggested solution
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sect +tan sectH +tand
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JLAU

x2 +4x+2
72)2 x)“_l
: x+
@ re= §*3
x” +4x+2
—_—— <-1
(x+2)°
. -1+ h)-f(-1 . (=1+mh
(ii) lim Ik e }:llm( hi =-1
h—0" h—ot
. (- -f(-1 . =(=1+mh
lim Gl )211111 FLia) =]
f—0" N0 1
. f(-1+h)-f(-1
11111M not exist
=0 h

-, T not differentiable at x = -1

4

3 x>-1
(i) ()= (”i)
—_— x<-1
(x+2)*
2
® @@ asx>-1 s o )
(x+2)°
x>—2+ﬁ
asxy<-1 _w>{)
(x+2)°

—2—J5<x<—2 or 2<x<-1
P(x)>0:>x>—2+\5 ; —2—\/54.\*4—2 or -2<x<-1

(i) F()<0 = x<-2-+2 or —1<x<-2+42

(iii) asx> -1 4 —>0
(x+2)
x>-1
asx<-1 - & = =0
(x+2)
x<-2

f'x)>0 = x>-1 or x<-2
(iv) Mx)=0 = -2<x<-1
(€©) F()=0 = x=-2-42 or -2+42
f(-2-42)>0 (=2-42, f(=2 -2 ))~(-3.4.5 8)relative minimum point
-2+ 3 )>0 sl=2442, =242 N~(-0.59.-0.17)relative minimum point
(-1.0) relative maximum point and also point of inflection.

(d) wvertical asy. x=-2

2003 Pure Maths Paper 1 suggested solution P4



(e)

8. (a)

JLAU

a=lim 2+ D) =1
=0 x(x+2)
a= lim- FEEY,

-0 x(x+2)

Jc()r+l)_)r v, =X

b =lim =lim——=-1
xs0 Y42 oy 42
. —=x(x+1 "
b= lim M+x: lim =1
x—s-m Y42 X0 ¥4

asymptotes y=x-1 or y=-x+I

students sketch it yourself --casy sketch

(i) puty=0 f(x) = () + £(0) + f(x)f(0)
L HO)(1+H(x) =0
(i) by (i) f(0)=0orf(x)=-1 forall x
Suppose f(0) =0, then f(x) = -1 for all x

but f(x) is non-constant

w f(0)=0
Suppose f(r) =-1 for some real no
f(x + r) = f(x) + {(r) HOO(r) forall x
fix +r)=-1
Put x=-r f(0)=-1 contradiction
SE(x) -1

® £ =f(§+§)

(©

= & Ey ey 15
= f{z) + f(2)+f(2) f(z)

2
= [f(%)ﬂ) ERE f(x) # 1
f'(x):},iﬂ}w
~ i f(h) + £()f(h)
- it f(h(1+1(x))
i —0 h
=a(1+f(x)

*. fis differentiable everywhere
Supposca=0  ie. "(x)=0 forall x.

Then f is a constant function.
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9.

JLAU

-+ fis a non-constant function .. a =0
f'(x)  _
1+f(x)

SIn(l+f(x) | =ax + ¢

(@ [In(l+fx)]'= by (¢)

by putting x =0 . getc=0
SIn( L+ f(x) | =ax
)= e™ -1

@  w'(x) =20 (x) + 20" (V" (%)

2(u(x)—sin x)(u' (x) —cos x) + 2(u' (x) —cos x)(u'" (x) +sin x)

Il

= 2(u(x)—sin x)(u' (x)—cos x) +2(u' (x) —cos x)(—u(x) +sin x)
= 0
. w(x) is a constant function
putx=0 v(0)=u(0)-0=0
vI(0)=u'(0)-1=0
ow(x)=0
() +(' (x)" =0
=v(x)=0

= u(x)=sinx
by () ['(x)=e"(e*gx)—e " [‘:e'g(t)di

= g(x) - f(x)
f(x) + '(x) = g(x)
(i) (1) f")=g)-f'Kx)

g'(x)=—e"+e* [:e'f(r)dr —e " (e*T(x))

=-8(x) - f(x)

£'(x) = -g(x) - f(x) - £'(x)

= -(f(x) + (x)) - f(x) - £'(x)
L () + 2f'(x) + 2f(x) =0
(2) Let h(x)=e€'f(x)

h'(x) = €' '(x) + €"f(x)

h"(x) = €T "(x) + € '(x) + €T '(x) + €F(x)
= &'f"(x) + 2f'(x) + f(x)]
='[-1(x)]
=-h(x)

h0)=0 - f(0)=0

h'(0) = £(0) + £(0) = g(0) = 1
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JLAU

by (a) hA(x)=sinx
Sf(x)=e " sinx
(iii)) gx)= e *simx+{'(x)

= e 'sinx+e "cosx—e “sinx

= ¢ “cosx

10. (@ @) fG+rDH<ix)<{() for j<x<j+1 (- fisdecreasing)

[ e+ hax < [ eeode <[ 1) dx
aF J i :

=1+ <[ fdx <)

!
3

n-1 n-1

=l
S G+ Y [ Ewde< Y 1)
= =g =

= S, -f) <[ f(x)dx<S,,

=8 TSR 28 v *)
i  {=)
obviously {S"} is increasing f: [Leoo)—[0.0)

by () T()+F, =S, 2F, +f(n)
=f(H+K =S,

-4, } isbounded

{Sn} is convergent

Z f(j) isconvergent

J=1

=1

f(1)+F, = S, = F,+fn)

~lim S, exist . {S"} is bounded

i

S, = F,+f(n) ..{F,} isbounded

n

*. there is a constant K independent of # such that F, <K foralln=123....

(® @ Let fx)=

- obviously f is continuous and decreasing when x=1

o

= 2(1-—y<2

Jn

i
F, =

o=

dx= -2x

=

O I
By (a) (11) Z— 1S convergent

=1 ;\!;

(i) Let f(x)= L obviously f is continuous and decreasing when x>1
X
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JLAU

F zrlldx= Inx” = lnn
n | x |

as n—>w F —oow
there does not exist a constant X independent of » such that F, < K
- by (a)(ii) Z— is divergent
n=l
= 1 = 1
© 2 =Y

Sninn)’ S (r+1)(Inn +1)°

Put f(x) = % obviously f is continuous and decreasing when x =1
(x+D(In(x+1))"
R I (T il N S S
b (x+ D(In(x+1)) In(x+1)|, In2 In(n+1) In2

o

by (a)ii) Y 1)2 is convergent

a2 n(Inn

12. (@ @) 1,lzi"(x—r)"’f‘m*“(r)dr

” m! 0
_ % l(x _ f)m ffm} (f)l; +m l‘nt {x— I)m_l f{m) {r)df ]

= _ixmffnll(o)_'_
m! (m—-N!

[ ="'t (0t

[‘(m} 0
ol =1, 1@ m

mel m
m!

m—1

(m—1)
&y b L=l 9,

TR (m—1!
[-(m—?) " (m-1)
= _ (0) xm—; - { {0) xm—l
(m-=2)! (m—=D!
r(m—}} 0 [-[:::—2] ) [-m:—l] 0
— - ( )xm—l\ o (( ) xm—l’. - ( )xm—l
T (m=3)! (m-2)! (m-D!
m-1 (k) 0
B SO
o k!

where 7, = ["f'(t)dt = £(x) - f(0)

m—1 (&)
I, =f)-Y L40)
i K

&
X
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JLAU

® G g'(x)=—%(l—x2)%(—Zx)=x(1—x2)%
(1-x")g' (x) - xg(x)
=1-x*)x(1-x?) %—x(1~x2) :

=0
diff. both side w.r.t. x n times
(1-x*)g "V (x)=C/' (-2)g™ () +C (-2)g" " () —xg " (1) -C'g" " (x) =0
= (1-x")g"? (x)-2n+Dxg ™ (x)-n"g" ™ () =0
(i) Put x=0in()
g (©O)-n’g" M (0)=0
= g""(0)=n"g""(0)

g (0)=2n-2)" g% (0)
= (2n-2):@2n-4)* g )

= 2n-2)’2n-4)*.....2 g (0)

=0 (- g'0=0)
similarly
g ) =2n-1)’2n=-3)......17 g(0)
=En-1D" 0312 12 (s g(0)=1)
_leny?
2242 ..2n)?

_ [(ZH)!JI
2"l

(iii) by (a) put f(x)=g(x) andm = 2n

a1 7””(0) 1
gx) =3 & xt+

‘: (x__ l')In—l gi’En} (f)df

o K @n-1!
!
[ -g™(©0)=0 whenkisoddand g‘z"’(U):%Cﬁ" |
n (12'{‘- 7 1 :
. _ ~k 2k % _ A\ In-1 _(2m)
..g(x)—é e [ =0 g ()t
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