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1. This paper consists of Section A and Section B. sin A—sin B =2cos 4 ;B sin A;B
2. Answer ALL questions in Section A and any FOUR questions in Section B. cos A+cos B =2cos 4+B o8 4-B
2
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SECTION A (40 marks)
Answer ALL questions in this section.
‘Write your answers in the AL(E) answer book.

(5 marks)

(5 marks)

1. (&)  Resolve 8 into partial fractions.
x(x—2)(x+2)
()  Show that ZM# JA
=3 p(r=2)(r+2) 12
n 2 _ l
2 (a) Show that zr:l = o nn+D(2n+1) .
(b)  Asequence {an} 1s defined as follows:
a, =6,
Ay =a, +3k* +9%+6 for k=1,2,3, ... .
Find ¢, intermsof .
3 (@) Let 0<A<l. Showthat x* <(1—A)+Ax forall x>0 .
(b) Let a, b, p and ¢ be positive numbers with 1 +—=1 . Prove that
p
11
afb? <—+=
p g
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(5 marks)

Go on to the next page

A, B, C arethe points (a, 0,0), (0,5,0), (0,0, ¢) respectively and O is the
origin.

() Find ABxAC .

(b)  Let Sy, denote the area of the triangle with vertices X, Y and Z.

Prove that SAABCZ = SAOABZ + SAOBCZ + SAOCAZ .
(5 marks)

Let the kth term in the binomial expansion of (1+x)*" in ascending powers of

x bedenotedby T, , ie. T, =CHmxF".

(@ Ifx= % , find the range of values of & suchthat 7}, 27, .

(b)  Find the greatest term in the expansion if x = % and n=15.
(5 marks)

Let f(x)=ax? +bx+c where a,b, ¢ are real numbers and a#0 . Show that
it flf)]=f@F forall x, then f(x)=x> .
(4 marks)
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7. A 2x2 matrix M is the matrix representation of a transformation T in R*. T SECTION B (60 marks)
transforms (1, 0) and (0, 1) to (1,1) and (-1, 1) respectively. Answer any FOUR questions in this section. Each question carries 15 marks.
Use a separate AL(D) answer book for each question.

(&) Find M.
42 0Ya b 9. Consider the system of linear equations
(b)  Find A>0 suchthat M canbe decomposed as where
0 Alc d x + Ay + z = k
a b|_ S): Ax — y + z = 1 where ALkeR.
c d| 3 + y + 2z = -1
H describe the 1 fT. . L .
ence describe the geometric meaning © (5 marks) (a) Show that (S) has a unique solutionifandonlyif A#0 and A %2 .

(2 marks)

(b)  For each of the following cases, determine the value(s) of & for which

8. Let L be the straight line |z —(4+ 41')| = |z| and C be the circle |z| =1. (S) is consistent. Solve (S) in cach case

(a)  Sketch L onan Argand diagram. M A#0 and 222,
@) A=0,
(b) Let P, Q bepointson L and C respectively such that PQ isequal to 222
the shortest distance between L and C . Find PQ and the complex (i) e . .
numbers representing P and Q. (8 marks)
(6 marks)
x + z = 0
(c) It some solution (x, y, z) of -y + z = 1
3 + ¥y + 2z = -1

satisfies (x— p)? +y> +z° =1 , find the range of values of p .
(5 marks)
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10 Let {

a =1 a, =a,, +2b,,
and
b =1

=234

by =ty +b,

a Show that for any positive integer #,
(a) Y p 2
@©  a,b,>0 and a,” -2b,> = (D" ;
@) (+V3) =a, +5,47 .
(4 marks)
() Forn=1,23,.., define u, =2 .
bVl
. +2
O] Show that u,,, = n .
u, +1
(1)  Showthat u,,, < J2 and Uy, > J2
3u, +4
iil)  Show that u,,, =—" .
(iii) =03
Hence show that the sequence {ul Sy, Us, ... } is strictly
increasing and the sequence {uz JUy, Ugsene } is strictly
decreasing.
(iv)  Show that the sequences {”1> Us, Us, .. } and
{uz Sy, Ug, s } converge to the same limit.
Find this limit.
(11 marks)
2001-AL-P MATH 1-7 -6- Go on to the next page
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1. (a Show that M = z'cot2 .
—cos@ —isin® 2
(3 marks)
(b)  Let n be a positive integer. Show that all the roots of the equation
(z-D"+(z+D" =0 ... (@]
canbe writtenas icr, , where o, e R, k=0,1,...,n-1.
(4 marks)
(¢ If iy (k=0,1,...,n=1) are the roots of (*) in (b), using the
relations between the roots and coefficients, show that
nl g B
oo = nn-1) .
(5 marks)
(d) Let £, B, ...,F,_ bethe n points in an Argand plane representing
the roots of (*) in(b), and O be the origin. Q is the point representing
r(cos f+isin B) where r20 and BeR . If d, isthe distance
between P, and Q, show that 2;:) dk2 is independent of 8.
(3 marks)
2001-AL-P MATH 1-8 -7-
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12, The position vectors of four points 4, B, C and D are a=7i+8j+3k ,
b=2i-7j+13k , ¢=17i-6j+3k and d=#(2i—4j—5k) respectively,
where # is a non-zero real number.
(a) Show that a, b and ¢ are linearly independent.
(3 marks)
(©)] If v=Aa+ub , where 4, ge R and A, =0, and v isalsoa
linear combination of vectors ¢ and d, show that
Arp=(-b-exd):(a-exd) .
Hence evaluate A : g,
(5 marks)
() Suppose the four points 4, B, C and D are coplanar.
(6] Find ».
(i)  Let E be the intersection of 4B and CD . Using (b) or
otherwise, find BE : E4 and the position vector of E .
(7 marks)
2001-AL-P MATH 1-9 -8 Go on to the next page
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13, (@ Let P(x)=x"+a® +bx* +cx+d where a,b,c,de R.
(6] Show that if o isa complex root of P(x)=0, then & isalsoa
rootof P(x)=0.
(i) Forany ae C,showthat (x—o)(x—&) isa quadratic
polynomial in x with real coefficients.
Hence show that P(x) can be factorized as a product of two
quadratic polynomials with real coefficients.
(6 marks)
(b)  Let f(x)= x* +8x> +23x% +26x+7 and g(x)=f(x + %) where ke R
and the coefticient of x> in g(x) is zero.
(6] Find & and the coefficients of g(x) .
(i)  Suppose g(x)= (x* +px+q)(x* +mx+5) where
.4, v, 5 € R. By comparing coefficients or otherwise, show
that p® —2p* +5p* —4=0 .
Hencetind p, g, r and »5.
(iii)  Find all roots of fx)=0.
(9 marks)
2001-AL-P MATH 1-10 -9-
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©

(@

If @, b are two real numbers such that @ <1<5 , show that
a+b=ab+] andthe equality holds if and only it a=1 or b=1.
(3 marks)

Show by induction that if x,, x,, ..., x, are n (n=2) positive real

n
numbers such that x;x, ---x, =1, then x, +x, +---+x, 2n and
the equality holds if and only it x; =x, =---=x, =1 .

(6 marks)

Let a , a,, ..., a, be n (n=2) positive real numbers. Using (b)

a +a, ++a

or otherwise, show that -L—2 " >#/g 4, ---a, andthe
n

equality holds if and only if ¢, =a, =---=a, .

(3 marks)

For u20 and n=2,34,..., using the identity
A+w)" =1=u[0+uw)" ™ +(1+u)"* +---+1| or otherwise, show that

n-1
(1+w)" 21+nu(l+u) * and the equality holds if and only if u=0 .
(3 marks)

END OF PAPER
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2001 Paper 1
Section A

1 2 1

x-2 x x+2

1. (@

2. B nr+Dr+2)

4. (a) beitacj+abk

5. (@ l1<ks 2t

7
© r=cr(§]

®) i1=v2

. . . . b3
A rotation which rotates any vector anticlockwise through )

about the origin, followed by an enlargement with factor J2
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sin(4+B)=sin 4cos Btcos Asin B
1.30 pm —4.30 pm (3 hours) cos(AxB)=cosAcosBFsin 4sinB
This paper must be answered in English tan(4+ B) _tandttanB
1Ftan Atan B
sin 4 +sin B = 2sin A+B cos A-B
2 2
1. This paper consists of Section A and Section B. sin A—sin B =2cos 4 ;B sin A;B
2. Answer ALL questions in Section A and any FOUR questions in Section B. cos A+cos B =2cos 4+B o8 4-B
2
3. Youare provided with one AL(E) answer book and four AL(D) answer books. A+B . A-B
. . . cos 4—cos B=-2sin sin
Section A : Write your answers in the AL(E) answer book. 2 2
SectionB : Use a separate AL(D) answer book for each question and put the 2sin A cos B =sin(4 + B) +sin(4—B)
question number on the front cover of each answer book. -
2cos Acos B=cos(A+B)+cos(4-B)
4. The four AL(D) answer books should be tied together with the green tag provided. 2sin Asin B = cos(4—B)—cos(4 +B)
The AL(E) answer book and the four AL(D) answer books must be handed in
separately at the end of the examination.
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SECTION A (40 marks) 5. Let f be a real-valued function continuous on [0, 1| and differentiable in
Answer ALL questions in this section. (0, 1). Suppose f satisties
‘Write your answers in the AL(E) answer book.

A f(0)=0,
. 1
B. fh==,
(ef_e*f)z Y] 2
1. (&) Find lim ~—/ . C. 0<f’(H)<1 for te (0,1).

=0 1—cos2x x
Detine F(x) = zj' f)dr = [f)P for xe (0, 1]
0
(b)  Provethat limx? cosl =0.
x—0 X

(6 marks) (a)  Showthat F'(x)>0 for xe (0,1).
! 1
5 Bvaluate ()  Show that jo i > -
. (6 marks)
x
@ [,
1+x*
x*—12x when x22,
(©)] J.x2 tan~" x dx . 6. Let f: R — R be defined by fix)= .
(5 marks) = +eT when x<2.
(a)  Showthat lim {’(x)= lim {'(x)=0 .
4+at xo2” xo2"
3. Let 4, =1 and a,, = % for ne N. Showthat 1<a, <2 forall
2 (b) Is f differentiable at x =2 ? Explain your answer.
neN. (5 marks)
Hence show that {a, } is convergent and find its limit.
(6 marks) 7. Figure 1 shows the curve y
x=cos’t,
. . I: s 0<r<2m .
4. Let £ be the parabola y* =4ax where @ is a non-zero constant, and y=sin’t,
A (azlz s Zatl) , B (atzz ,2at, ) be two distinct points on P .
(a)  Findthe length of I'.
(a)  Find the equation of chord 4B . . o *
(b)  Find the area enclosed
(b) If 4 and B move insuch a way that chord AB always passes through by T
(a, 0), find the equation of the locus of the mid-point of AB . (7 marks)
(5 marks)
Figure 1
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SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.
Use a separate AL(D) answer book for each question.

2 1

8. Let f(x)=x3(6-x)3 .

@& @ Find f'(x) for x#0,6 .
(i)  Showthat t/(0) and f’(6) donot exist.

(iii)  Show that f(x)= 4_785 for x#0,6 .
x3 66— x)5
(4 marks)
(b)  Determine the values of x for each of the following cases:
® f'(x)>0, ) f'(x)<0,
i) f£"@x)>0, @) f"(x)<0.
(3 marks)
(¢)  Find all relative extreme points and points of inflexion of f(x) .
(3 marks)
(d)  Find all asymptotes of the graph of f(x) .
(2 marks)
(e) Sketch the graph of f(x) .
(3 marks)

2001-AL-P MATH 2-5 — 4 Go on to the next page
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9. InFigure 2, C is the circle

y L

2+ (y+D?=4% and F isthe C "\ _
point (0, 1). For any point P on / 1 «\1—\4/' 4
C, let L, be the perpendicular / B \ \
bisector of the line segment FP . It 14 -2 0 \Z \4
appears that as P moveson C, all
the L,’s are tangents to an ellipse -2
inside C.

4

L
B
Figure 2

(a) Suppose for every P on C, theline L, istangent to the same ellipse.

Write down the equations of the two horizontal tangents and the two
vertical tangents to the ellipse.

Hence guess the equation of the ellipse.
(Note that C is symmetric about the y-axis and F lies on this line of
symmetry.)

(5 marks)

(b)  Let E be the ellipse found in (a).

[6)] For any point P(p, q¢) on C, let M be the point (m, n) where
m=3—p and n=m . Show that
T-yq T-yq
(6] M lieson E,

(II)  thetangentat M to E is the perpendicular bisector of
FP.

(i)  For any point M on E, show that there is a point P on C such
that the perpendicular bisector of FP isthe tangentto E at M.
(10 marks)

2001-AL-P MATH 2-6 -5-
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10. (8  Prove by induction that lim x(Inx)" =0 for any non-negative
x—0"

integer 7 .
(3 marks)

(b)  Let n be a positive integer.

()  Show that J.(lnx)”dx = x(nx)" —nj(lnx)”’ldx .

1
(i)  Show that the improper integral J. Inx dx isconvergent
0

1
(ie. lim | Inxdx exists) and find its value.
n—0 i

1
Hence deduce that the improper integral J. (Inx)*dx is
0

convergent and find its value.
(8 marks)

(c) Let n be a positive integer and o be a positive real number. For

1 1
0<h<1, show that j x'H(]nx)”dx=%J. (Inx)"de .
h o dae

1
Hence show that the improper integral J. x“(Inx)"dx is convergent
0

and find its value.
(4 marks)

2001-AL-P MATH 2-7 —6— Go on to the next page
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11.  (a) Let t and g be real-valued functions continuous on |a, b] and
differentiable in (a, ) .

(6] By considering the function
h(x) = f(x)[(8) - g(@)] -e([f) - f(a)] on |a, b], or
otherwise, show that there is ¢ € (a, b) such that

£()e®) - (@] =g (OIfB) - f(a)] -

(i)  Suppose g'(x)>0 forall xe (a,b). Show that
g(x)—g(a)>0 forany xe (a,b).

If, in addition,

£ . .
,(x) is increasing on («, &), show that
g

Py = L= @)

is also increasing on (a, b) .
gx)—gl@)

(9 marks)
¢ cosx—1 if xE(O,l],

®) Let Q)= sinx +cosx—1 4
1 if x=0.

Show that Q is continuous at x=0 and increasing on |:0, %] .

Hence or otherwise, deduce that for xe |:0, %] N J”C Qydtzx .
0

(6 marks)

2001-AL-P MATH 2-8 -7-
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(@)

®)

©

Evaluate
. 1
W o,
P —x+1
2
(i) J' x°+1
(x —x+D(x* +x+1)
(6 marks)
. no x5S
For n=1,2,3,... and 0<x<1, define gn(x)=2 R and
r=l G —

6r—1
nox .
h,(x)= E T For any fixed x e [0, 1),

(6] show that the sequences {gn (x)} and {hn (x)} are increasing;
(i)  deduce that lim g, (x) and lim h,(x) exist.
(3 marks)

For n=1,2,3,... and 0<x<1, define
6r—5 6r-1

£, (x)=2f:1{’6“r_5 —hJ and let f(x) = lim £, (x) .

(6] For any fixed x € (0, 1), evaluate f, (x) and show that

,
lim £, (x) exists.
00

(i)  Assuming that f’(x)= lim fn,(x) for any fixed x e (0, 1) and

2
f is continuous on |0, 1), show that f’(x) =1+7x for
T+x? +x*
xe (0,1).
Hence find f(x) .
(6 marks)

—8— Go on to the next page

13, Let f: (0, =) = (0, ) be a continuous function satisfying f[f(x)]=x and
f14x)=— foranl v
1+f(x)
. - fx)
(a) Show that forany 7€ N and xe R, fn+x)=—"2— .
1+nf(x)
(3 marks)
(b)  Define x, =1+ 0 forany ne N. Show that f(x,)= n+l .
1+nf() n+2
Hence, by considering lim x, , show that f(1)=1.
o
- 1 (1
Deduce that f(n)=— and t|— [=#n .
n n
(5 marks)
(¢) Forany ge N and g=2, let S(g) be the statement
“f{Z]=4 forall pe N with 0<p<gq.”
q9,) 7
(6] Show that S(2) is true.
(i)  Assume that S(h) istrue for 2<h<q and he N. Use (a) to
show that f(q—HJ=L for 0<p<g+1.
¥4 g+1
Hence deduce that S(g + 1) is true.
(iii)  Use (a) to show that for any positive rational number x,
f(x) =1 .
x
(7 marks)
END OF PAPER
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