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Solution

Marks

0 0
a a

o o O

1 0 1
MYP={1 b A )

u c =bju -b
1 0 0
={A+Ab+pua b +ac 0
p+Ac-ub 0 ac+b?
1 0 0
=|AQ+b)+ua 10
Ac+ru(l-b) 0 1)

The statement is true for n=

k[/lc+,u(l b)) 0O

Assume M = k[ﬂ.(1+b)+,ua 1 }
0

/WZ(IH—I) 0
1

0
k[l(l+b)+ya 1
k[/lc+y(1—b) 0

= (k+l)[/l(1+b)+,ua]
(k+D{Ac+pu(-5)]

By the principle of mathematical induction,
the statement holds for all positive integer n.

1 0 0

Put M=|-2 3 2
1 -4 -3

1000[-2
1000{-2(
1

6000
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for some positive integers &,

Aﬂ+m+ya
Ae+pu(l-
00
1 0
01

which satisfies the condition that b +ac=1.

-4)+(1-3)]

0
=|-6000 1
0

IM accept mistakes in 1 entry

1A

then 1A

0 0
I 0 1A
0 1

1 00
a+3)+2] 1 0
01

0
0 1A
1
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Solution

Marks

(@ If p—-g20,then p2zg

= Inp2lng (.

= Inp-lng=z0
(p—-gXlnp-Ing)20
If p-g<0, then p<g
= Inp<ing
= Ihp-lng<0

(p-qXlnp-Ing)>0

From (a), plnp+glng-(plng+glnp)=0 .
alna+blnb-(alnb+bina)=0
blnb+cinc~(blnc+clnb)=0
clnc+alna—(clna+alnc)=0

(b)

Summing up the inequalities, we have

2alna+binb+clnc)—a(lnb+Inc)-b(lnc+lna)-c(lna+nb)=0
3alha+bnb+clnc)~a(lna+nb+Inc)-b(lna+Inb+Inc)-c(na+Inb+Inc)20
3alha+blnb+clnc)—(a+b+c)lna+Inb+inc)20

a+b+c

alna+blnb+clnc2

(+x)" =1+Clx+Cix? +-+C)x"

(+x)" -1
x

(@)

(b) From(a), C] +Cix+Cix?+-+Crx"" =
Differentiating both sides w.r.t. x , we have
CI +2C x+3CIx? 4+ (n=DCx"? =

Putting x=1,

C% +2CH +3CH + - +(n—DC}, n2"

2000-AL-P MATH 1-4
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(lna+lnb+lnc)

=Cl +CIx+CIx* ++Chx

(1+x)" -1

(n-

Inx is increasing for x > Q)

G__

IM accept missing

IM

M

1A

1A

n-1

1A

x
M

(+x)" —(1+x)" +1

2
X

1A accept wrong constant term in (a)

R, Lo |

22" 41
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Solution Marks
4. Z=Q+3)Z+Q-3Dz+12
22 —(2+30)Z-(2+3D)z+(2+3)(2+3) =13+12 IM adding (2+3i)(2+3i) to both
2z~ +30)]- 2 +3D[z-(2+31)] =25 sides
[z-(2+3D))Z-(2+3)]=25
|z-(2+3i)|=5 1A
Alternatively

Let z=x+yi , then (*)becomes
(x + yi)(x — yi) = (2+30)(x = yi) + (2 = 3i)(x + yi) +12
x? +y2 =4x+6y+12

(x-2)*+(y-3)? =25 (le. a=2+3i and r=5) M
lz—(2+30)]=5 1A
The circle is centred at 2+ 3/ with radius 5. 1A
The shortest distance between the point —4 —5i/ and the circle is
|(2+3i)—(—4—5i)|-—5 =5 IM+1A (award IM also for
correct graph)
----- )

5. (a) Using the Euclidean Algorithm,

22 l2xt - X+ 3% - 2x o+ 1 x2 - x + 1|-x
2t - 20+ 2x? x2 + x
x ¥ o+ x? - 2x + 1 - 2x + 1| 2
X - x4+ x - 2x - 2 IM+1A
2 2x? - 3x + 1 3
2x2 - 2x + 2
- x -
f(x) and g(x) have no non-constant common factors. 1
Alternatively,
The discriminant of g(x) <0
g(x) has no linear factor. M
For f(x) and g(x) to have non-constant common factors,
this factor must be g(x). M

Using long division, f(x) = g(x)( 2x2 +x+2)—x-1.
g(x) is not a factor of f(x).

Hence f(x) and g(x) have no non-constant common factors. 1
() - fx)=ge)(2x? +x+2)-x-1, 1M
f(x) + x + 1 is divisible by g(x) .
Hence p(x)=x+1 1A

2000-AL-P MATH 1-5
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2 COS— —Sin — 2 -3
6. (2 Whenx=(J, y 3 0}{]]
0 sin— cos— -
—3+2cos£
”3 1A
1+2sin—
3
-2
1+«/§
® 1A rotation with details

: . . T
(b) A rotation which rotates any vector anticlockwise through Fy about the

-3
origin, followed by a translation which translates any vector by ( ) J .

1A translation with details
1A ordering

@ IM rotation and translation
1A order of the composition
1A details of rotation and

translation

(Choose the one which would give

higher marks)

() v y=Ax+b=A(x+A7'b) IM for ¢c=A"'b
T 2
COS — sin —
= 3 i b 1A for A7
-smf- COS —
3 3
L'E}
- 2 -3
o1l
2 2
—3+J§
- 2 1A
1+3J§
2
----- ©

2000-AL-P MATH 1-6
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Solution

Marks

. a
7. (a) Ifthe roots of the equation are — , a and ar, then
o

a
~+a+ar=-p
’

a a
—-a+4a-ar+ar-—=4q
r r
a
—a-ar=-1
P

ad=-1 = a=-1

.

Putting a=-1 into x +px2+qx+1=0,wehave

-l+p-q+1=0 = p=¢g

using relations between roots

1M+
s and coefficients

Alternatively,
Putting a=—1 into the first two equations, we have

—1—+l+r=p=q
-

(b) If p=g , then the equation becomes x*+ px2 +px+1=0.
Let x=-1, then LHS= -l+p—-p+1 =0.
-1 is one of the roots of the equation.

Let « and # be the other two real roots, then

(af)(-1)=~1

= aff=1
. 1
Hence the three roots of the equationare — , ~1, @
a

which form a geometric sequence.

1A

IM
1A

Alternatively,

The roots of the equation are

(p-D-yp'-2p-3 (p-D+yp>-2p-3

2 2

(p==+p?=2p-3 [ (p-1)+yp> -2p-3

2 2

= l(p=D*~(p* ~2p-3)
=1
= (-’

The roots can form a geometric sequence.

By division, the equation becomes  (x+ Dix? +(p-Dx+1]1=0.

1A

IM

1A

2000-AL-P MATH 1-7
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Solution : Marks
8. (a) The augmented matrix of (S) is

1 -1 -1la . 1 -1 -1 | a
2 4 -2l ~ |0 a+2 0 ib-2a M
1 24+3 A2lc 0 24+4 A2+1) c-a

1 -1 -1 a

~ |0 a+2 0 ! b-2a 1A
0 0 A+1ic-2b+3a

(S) has a unique solution iff (4+ 2)(2»2 +1)=0

iff A=#-2 1
1 -1 -1
Aof(S) =P A4 -2
1 24+3 A2
= 2 +2-20Q4+3)+A+2QA+3)+24* M
= (A+2)(A% +1) 1A
(S) has a unique solution iff A=#0
iff Ax-2 1

For A=-1, the augmented matrix of (S) becomes

L2121 10 0a+(b-20)+S 2’;’“3“
0 1 0! b-2a ~ o1 o b-2a M
0 0 2 !c-2b+3a 00 2| c-2b+3a
x=22 y=b-2a, P A IA+1A+1A
2 2
Alternatively,
Solve (S) for A =1 using Crammer’s rule:
1 -1 -1
A =2 -1 -2|=2
1 1 1
a -1 -1
A, =b -1 -2l=c+a
c 1 1
1 a -1 > IM
A, =[2 b -2/ =2b-4a
1 ¢ 1
I -1 a
A, =2 -1 =c¢-2b+3a
1 1 ¢
c+a c—2b+3a
x= 5 y=b-2a, z=—T———. 1A+1A+1A

2000-AL-P MATH 1-8
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Solution Marks
(b) Whenyxl = -2, the augmented matrix of (S) becomes
1 -1 -1} a 1 -1 -1} a
| . i
0 0 0} b-2a (or {0 0 O [b-2a}) IM
0 0 5 13a-2b+c 0 0 51c-a
The system has infinitely many solutions iff 6-2a=0 . 1A
When a=-1, b=-2 and c=3 , the augmented matrix becomes
1o-1 =1yl L -1 014
0 0 00 ~ 0 0 1!% IM
0 0 514 0 0 010
S.S —{(t—l t i)-teR} 1
S. 50 g A
1 4
or t, t+—, —):teR
(or {( 50 3 ) })
(c) (T) isequivalentto (S) when A=-2 and
a=5-3u, b=2-2u, c=1+pu . M
Using the result of (b)(i), (T) is consistent
iff (2-2u4)-205-3u)=0
iff wu=2 1A
(i) When p=2, a=-1, b=-2 and ¢c=3 .
By (b)(iD),
1
S.S.of(T)={(t——§,t,%):teR} 1A
1 4
or t, t+—, —): teR
(or {( 503 ) B
(ii) When u=2, (7) isinconsistent. 1A

2000-AL-P MATH 1-9
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Solution Marks
9. (a) For n2r+l,
1
Ol 4= et
(=K (n=k=1)1(k+1)!
_ n! L, 1
—k=Dkl -k k41 ta
_ n! ) n+l
(n—k=Dk! (n—k)k+1)
_ (n+1)!
(n=k)(k+1)!
=C:'++11 ) 1
Alternatively,
Q+x)+0)" = 1+xY  Cix* 1A
_ n n_k " n_k+l
= k=0Ckx + kzockx

(1 +x)n+l = Z"+l Cn+1x/¢
k=0 %
n+l
1

Comparing the coefficients of 1 wehave Cf +Cj, =Cih

() For n=1,
RHS= CL4'B® +CA°B' = 4+ B =LHS
(*) holds for n=1. i

k
Assume (A4+ B)’c = Zr=o Cf A% B" for some positive integer k.
For n=k+1,

k
LHS = (4+B)y  _ C;A“"B

XKk gktl-r ko kg k-rpr
‘Zr=ocr" B +Zr=OC,BA B

k - k _

- r=0CfAk+l rgr +Zr=0CfAk rBr+? ( AB=BA) M
k k+1

- ZhoC:cAkH—-rBr +Zr:1Crlf—1Ak—HlBr M

k
_____C(I)CA/{-FI +Zr=1(cf +C'],‘ ])Alﬂ-l—rBr +CII:Bk+1

k -
= C(I)<+1Ak+l +Z C'l::+1Alc+l rp’ +C’I::]lBk+1
r=1

- Z"” CkHl gk+1-r pr 1
r=0 T
By the principle of mathematical induction, (*) holds for all positive integer »n
, 10 11
Consider 4= and B= , then iM
00 00

11 10
AB = # =PBA ,
0 0 00
2
, (21 4 2
(A+B)" = = and
0 0 0 0

, , (1 0V (1 1) (1 1) (43
A“ +24B+B° = +2 + = .
00 0 0)l00) (00

Hence (*) will not be valid when 4B = BA . 1

2000-AL-P MATH 1-10
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Solution Marks

(c) (i) The statement clearly holds for n=1.
cos kK6 —sin k8

sin k6  cos k6
e [coske ~sin kﬁ)(cosﬁ —sinGJ

Assume A" =[ ] for some positive integer £ . IM

- sin k@ coskf A\sind cosd
_ (cos k6 cos@ —sin k@sin@ —cos kfsin @ -sin kG cos 6 )
sin k@ cos @ +cos k@sind —sin kdsin & + cos kE cos 6/‘
_[cos (k+1)f —sin(k+1)0
B [sin (k+DO  cos (k+1)8 j
By the principle of mathematical induction,
r (cos n@ -sin né

. for all positive integer .
sin nd cos né

Q) B 4 cosd siné -
ii = =
-sinf cosé@
(A4+B)" = 2cos 8 0o '
0 2cos @
_ 2" cos "8 0 1A
0 2" cos "8
:=0C;1An—rBr

n

r=0

n

~

cos(n—r)@ —sin(n—-r)d\ cosrd sinréd
sin(n~r)9 cos(n-r)@ \—sinrfd cosrf

B Zn o cos (n—r)dcosrf +sin(n-r)fsinrd cos(n—r)fsinrfd ¢sin (n—r)dcosrd
- r=0 sin (n—r)dcosrfd —cos (n—r)dsinr@ sin(n-r)@sinrf +cos (n—r)f cosrf

~ zn cn cos(n—2r)0 -sin(n-2r)f
T Lar=0 "l sin(n-2r)0 cos(n-2r)0

AB=BA=1
Using (*), we have

Z" . Cl cos(n—2r)0 =2" cos” § and
r=

> Clsin(n-2r)0 =0 . 1
Putting n=5,

32cos’ 9 = cos 56 +5cos 30 +10cosd +10 cos(—8) + 5 cos(—38) + cos(-58) M
= 2(cos 58 +5cos 30 +10cos §)

cos’ 6 = 1—16(c0559+5cos39+100059) 1A

2000-AL-P MATH 1-11

OPR¥ETZE]  FOR TEACHERS’ USE ONLY



AIRFETZE FOR TEACHERS’

USE ONLY

Solution Marks
10. (a) Letx,yand z be real numbers such that xa+yb+zc=0. 1M
S 1 2 -1 x\ i(o\
The equation is equivalentto | [ -1 —IJ y!z{O!‘
0 1 1)z) LOJ
1 2 -1
Since [l -1 -1=-3#0, 1A
0 1 1
The system has the trivial solution only, i.e. x=y=2=0.
Hence a, b and ¢ are linearly independent. 1
(b) (i) Areaof AOAB:—;-[axb] ‘
i k
-1 1 0
2
2 -1 1
= -%]i—j—3k|
_du 1A
2
(ii) Volume of tetrahedron OABC = —;—|(axb)-c| M
i j k
=%1 1 0-(-i—-j+k)
2 -1 1
Ty, . .
= g|(|—1—3k)~(—1—1+k)|
1
=5 1A
(c) Let (x,y,z) beanypointon 7, and v=xi+yj+zk .
Then (v-a)-((b-a)x(c—-b))=0. M
x—-1 y-1 z
1 -2 1=0 1A
-3 0 O
“3(y-D-6z=0
y+2z-1=0 1A
The Cartesian equation of 7, is y+2z-1=0 .
Alternatively,
Let ax+by+cz=D be the Cartesian equation of 7z, .
A, B, C are points on 7,
a + b = D
2a -~ b + ¢ = D M
-a - b + ¢ = D
Solving the equations in terms of D gives a=0, b=D and c=2D. 1A
Hence the Cartesian equation of 7; is y+2z-1=0 . 1A

2000-AL-P MATH 1--12
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(d) (i) Let P=(x,y,2), then
i oj K.
OPxb =|x y z|=-i-j+k =c.
2 -1 1
y + z = -1
o x - 2z = | 1M
-x - 2y = 1
x + 2 = -1
{ Yoo T T ™ 1A
y + z = -1
P lieson 7p:r-a=2
x+y=2 (**) 1A
Solving (*) and (**), we have P=(5,-3,2). 1A
(i) the equation of 7; is y+2z-1=0
n—j+2k is a unit normal vector of x
Jg i
The length of the orthogonal projection of OP on the plane 7,
= loPxn M
i j k
= -—1—-5 —]3 2
Jg 0 1 2
= -—l—(—8i—10j+5k)
Js
13 (or 3105 , 6.15(3s.£)) 1A
5 5
Alternatively,
oA - V58
- S j+2k 1
OP-n = (5i-3j+2k)- =—
V545
The length of the orthogonal projection of OP onthe plane =,
- |38-L1
= .[38 S IM
5
2000-AL-P MATH 1-13
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11. (@) For a>1,
fx)= 1+x)* ~1-axx
') = al(1+x)* -1] 1A
>0 for x>0
<0 for -1<x<0 IM+1A
f is continuous at x =0
f(x)>f(0)=0 for x2-1 and x#0
ie. (1+x)* >1l+ax for x>-1 and x=0 1
. . m+1 1, . o
() (i) Putting a= and x=; in the inequality in (a), M
m .
m+l
1+l " >1+m—+1 1 .
k m \ k
. m+1 1 . . .
Putting a =—— and x=——k— in the inequality in (a), IM
m
m+l
]__1_ " >]+_n_1L1 _l
k m k
mtl mil
1Ym m+1(1 1Y\ m
H 1-|1-— <——=|<|1+—= -1
e ( k) m(k)( k) ’
(i) From (b)(i),
i m+1 ] mit
LCEN PO ey L PSS I | PP LY 1A
m+1 k ] m+1 k
; m+l
1A

] a1 N
12"k m o<km <ol 1k
m+1 k m+1 k

m+1

2000-AL-P MATH 1-14
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(c) From (b)(ii) and putting m=2, 1M
3 3 1 303
2 k2 —(k-1? |<k? 2 (k+1)2 —kJ
3 3 J
2 n i 3 n 1 2 n |> 3 3
Z 2 _(k-1)2 2 .= . 2 _g2
3;/( (k1) <k=lk <3;L(k+1) k 1M
2 2 3 33 3 3 n 1
ZH12 202 [+]22 <12 |+ 4 n2 =(n=-1)2 ||< ) k?
o 22 33 33
: <; (22 —12}-%[32 -22 +---~1{(n+1)2 —n’—}
Ia Lo, 3
Zn? <Y k2 <Zi(n+)2 -1 1
n Z_} S| (D A
3 a1 3
=n? <Zk2 <=(n+1)?
k=1
L1 1 1 3
2 12422432 4--4n? 2 1)2
—< <—|1+— 1
3 3 3 n
n?
3
.2 1y2 _2
lim = 1+— | ==
n‘_rﬂo3( n) 3
i1 1
12 422 +32 ... 2
By sandwich rule, lim Al Al Sl 5 1A
A-—>»c0 .%. 3
n

2000-AL-P MATH 1-15
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Solution Marks

%3 -x?-3x+2 A B C
S o St at + 2
x“(x-1) x x* x-1 (x-D°

Ax(x—-l)2 + B(x--l)2 +Cx2(x-1)+ Dx*=x>-x?-3x+2

, then IM

fl

12. (a) Let

(A+C)x® +(24+B-C+D)x* +(4-2B)x+B=x -x* ~3x+2 1A
A=1,B=2,C=0, D=-1
ox-6x+3 12 ] A
Tox2x-nt ox xP (x-1)7
(b)) (1) P(x) = m(x—ay Y(x—a; x—a3 {(x~ay)
P'(x)=m(x—a Jx—a3)(x—ag)+(x —a )x—a; {x -ay) A
+(x—a))(x—ay N x—ag)+(x-a Nx—a) )x-asz)]
P(x) v |1
P(x) —Z‘=1 x—a; !
3 . s+ 1 P
(ii) From (b)(i), Zl=‘x—a, _—P(x) .
Differentiating both sides w.r.t. x,
P P(x) P"(x) - [P’
= (x-a,)’ [P(x)]? '
« [P'(0)]* - P(x) P"'(x)
H ==
ene 2 (x-a,)? [P(x)]? 1
(¢) (i) Solving f(x)=0, we have
e b+b? —4a’
2a
b2 >4q° and a#0, .. ]b|>\/b2-—4a2 >0 1A

ab>0, .. (a>0 and 5>0) or (a<0 and b<0)
If >0, then b>vb2—4a> >0 and a>0.

If <0, then —b>vb? -4a’ >0 and a<0.

Both cases imply that x1>0. 1
Hence all the four roots of f(x) =0 are real.

Besides, f(0)=a=0 and 1
f{1)=2a-b=#0 (v b*>44%,
(2a+b)2a-b)<0) 1

Both 0 and 1 are not the roots of f(x)=0.

2000-AL-P MATH 1-16

\

DR ED2E FOR TEACHERS’ USE ONLY



W

ARAERZE FOR TEACHERS’ USE ONLY

Solution Marks

o 4 ﬁis—ﬁiz -3p; +2
(ii) ZH G G ) -

= Z; 731‘_ * 22; ﬂ—llf h Zj:] 8, 1_ 1)? by (a) M

I ek 1 4 1 1
2Ny 22 ©-45)* 2 -4’

__fO , [FOF -f0)f'(0) _FHI-fHfw
f0) [f0)1° [fn)*

by (b)(i) & (ii] 1M

fo)=axt ~bx?+a , f(x)=4ax® -2bx and f'(x)=12ax’ -2b| 1A
f0)=a, £(0)=0, f'(0)=-2b and
f(1)=2a~b , f(1)=2Qa-b), f'{1)=2(6a~b)
Z“ ﬂis ‘ﬂ12"3ﬂi+2
= BB -’
,=a(=26) _4Qa- b)? —-2(2a-b)(6a-b)
a’ (2a-b)°
4b -4a-2b
_a__ 2a-b
4a® +10ab-4b>
T a(a-b)

Hence

1A

=0+

2000-AL-P MATH 1-17
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Solution Marks
2n 2n-1
x* 2nx”
13. (a) lim = by L’Hospital Rule| 1M
x>l x* —1 x>l 2x
=n 1A
Alternatively,
2n
fim = 5 L lm(x2 2 +x27 12276 4o x? +1) M
x=l x° —1 x—1
=n 1A
by x-1=0 = x* =cos0+isin0
By De Moivre’s Theorem,
x = coszlﬂﬂ’sin—z—k—’5 M
2n 2n
=cos—1£7£+isin—k—7-r— where £=0,1,2, ...,2n-1, 1A
n n
Let xk=cosf£-+isinff— for k=0,1,2,...,2n—-1.
n n
2n—k -
%y, = cos TR g, GroBiT
n
kx . . kx
= co§s— —isin —
n n
= xk IA
n-|
¥ =1 = (x-xo ) —x)] [ =20 X200
n-} —_—
= (x=xo)x—x)] [, =) —x0) M
n-1 _— —
= (x=DCe+ D] [ F* ~ G +x0x+ 2,7, 1A
2 n-l 5 N E
= (* -] [, &% ~2xcos —+1) 1
(c) When x#1,
n
-1 n-1 km
= Hk=1(x2 ~2xcos—+1) by (b) 1M
¥
2 _ -
lim XL = H" lim(x? —2xcos£cf—+1)
PENET | k=1 x—1 n
-1
= Hn 2(l—cosﬁr—) 1A
k=1 n
_ n=1_5 ., 2 &7‘[_
= Hk=12 sin n 1A
o a2 A
=2 Hk:lsm 2n !

2000-AL-P MATH 1-18
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Solution Marks
(d) From (a) and (c),
222 HZ: sin? % =n
sinﬁ>0 for k=1,2,3,...,n-1
2n
—Lsin(—l—z—jsin(zzr—\--- sin((nul)ﬂJ =—l— 1M
Jn 2n 2n) 2n gn-1
[
lim —l-sin(lJ sm(—z—”—) sin(—-——(n_l)” 1A
n-> ,‘/; 2n 2}? 21’1

2000-AL-P MATH 1-19
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Solution Marks
L J‘xcosxdx N Ix dsdl;:xdx M Accept desmx. Using
. » integration by parts in the right
= xsinx— jsin xdx direction
= xsinx+cosx+c¢ for some constant ¢ . 1A no mark if ¢ is missing
27 ;2r 3—;— 2r
J:) x|cosx|dx = J:xcos xdx - J.” xcosxdx + L” xcos xdx IM eliminating the absolute sign
Z 2
z 3
= [xsinx+cosx]Z —[xsinx+cos x] 2 +[xsinx +cos 7
7 2
T Iz =« 3z
= (E DN (- -+ (1 +=
E-D-(F-F)++)
----- @
2. Let f(x)= x—Inx-1 for x>0. 1M
fFrlx) = 1- _)1.‘. 1A finding f'(x)

<0 if O0<x<l
=0 if x=1 e *) 1
>0 if x>1
f(x) 2 f(1) for x>0
x-lnx-120 for x>0
x2l+Inx for x>0 1

For those who find x=1asa
relative minimum but fail to justify]

From (*), f(x) is strictly decreasing on (0, 1) and strictly increasing on (1, ). khat it is an absolute minimum, the

f(x) attains its absolute minimum at x=1. last 2 marks will not be awarded.
f(x)=0 ifand only if x=1.
je. x=Inx+1 ifandonlyif x=1. 1
----- ©)

3. Area of the shaded region

n .
31 g 2 1071 40 2 1A integrand
[0 L@sin30)’d6 (or 3 L > (4sin36)” d6) ) {

1A limits

I

n
J'3 8sin? 36 d6 (or ﬁj’ sin236d6 )
0 3 Jo

x 4
_a4f30- 4 -
= 4[0 (1-cos64)dé (or 3 '[0 (1-cos68)d8 )

_aE -
= 4[9—@66—9]3 (or %[9—%‘9—} ) 1A ignore limits
0 0
A 1A
3
-
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Solution Marks

4.  h(x)= [f(x)-sin x]? +[g(x)—cos x]?

- h'(x)= 2[f(x) - sin x][f" (x) - cos x] + 2(g(x) - cosx][g'(x) +sin x] 1A
= 2[f(x) - sin x][g(x) ~ cos x] + 2[g(x) — cos x][~ f(x) + sin x]
. 1A
Hence h(x) is a constant function for x € R.. ,
h(O) = [f(O) —sin 0]2 + [g(O) - 0050]2 =0 , A

h(x) = [f(x) - sin x]? +[g(x)-cosx]* =0 for xe R.
both terms of h(x) are non-negative,

flx)-sinx =0 and g(x)-cosx=0 for xeR. 1
ie. f(x)=sinx and g(x)=cosx for xeR.
—(5)
5. (a) E‘i—— J:cost2 dr = cosx’ 1A
d ¢ 2 wp dy*
b) — J- cost“ dt = cos R .
®) & b 0S c (,V )Z & IM chain rule
= 2ky**-1 cos y** 1A
S oy 4k
(¢) lim —lzk_J. cost? dt = lim ky ckos:y (L’Hospital rule) IM+1A
y=0 g 0 y—>0 2ky2 -
= lim cos y‘”‘
y—0
=1 1A
----- O]
6. lim (——1—+—1——+~--+——1—) = m Ly L 1M can be omitted
nowo \ A+1 n+2 n+n n—o N r=11+r - - -
™ Candidates may skip this and
- jump right to the integral. In this
N J‘ dx 1A lase, 2 marks will be awarded for
ol+x 1
_ [1n(1+x)]}) 1A writing down IO Trs dx .
=In2 1A

2000-AL-P MATH 2-4
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Marks

dx

(b) Arc length

(b)

As

- 2sin¢
2(—cost)
sin t

t
= — or cot—
1-cost ( 2 )

=1

1=£_
The equation of the tangent at the point where £ = —725- is
-2
— =
-2 E
¥ (2 )

x-y-7+4=0

P (%) e waf ) (%o

2z 3 T
.[o J4(l—cost) +d4sin” ¢ dt

_ 2”’1—0051‘ ”’l—cost
_4"‘0 > dt (or 8J’0 3 dr)

27 ”
=4J L 8 in<d
0smzdt (or Josm2t)

¢ 2z
= 41:— 2cos —-—]
210

=16

!

f(x) is continuous at x =0
lim f(x) = f(0)
x—0"

lim f(x) = lim ( m;x +2x) =1 and

x—0" x>0
fl0)=c
c=1

f'(0) exists,

lim fim-f0) _ 1y f(h) - 1(0)
h—0" h h0"
_ 2
lim M = lim hT+bhrl-1 =b and
h—0" h h-0" h ‘
. 2 _
lim f(h) - (0) - lim sinh+2h° —h - lim cosh+4h-1
h—0" h h0 h? B0 2h
h—0" 2
b=2

2000-AL-P MATH 2-5
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] o) = —> ——
9. (@ fx) s )
o (rx)? =2x(1+x7)-2x
i 1+x2)
1-3x°
- 1A
1+x%)’°
2,3 a2y, 2,2
£y = 1+x°)y (-6x)-(1 32x6) 30+x°)" - 2x
(1+x°)
Sk LAY & l(lzi(i;)fa) 1A simplification required
) () fx>0 o 1-3x*>0
< 1A
(ii) f'(x)>0 < x(1-x2)<0
e x(1-x)1+x)<0 1M
& —-1<x<0 or x>1 1A
<:> .
o X (~o, -1} ~1 (——%—3—-, 0) 0
1 33
f(x) \ 7 $ ST 1 0
f'(x) - - - 0 + +
f"(x) - 0 + + + 0
B BB
P = - 1 1
x (0,3) i (3,1) (1, »)
343 1
f(x) T Sra 2 7 1
f'(x) + 0 - - -
f"(x) - - = 0 +
One relative minimum point: (——‘-53—, —glié_?’—) . 1A (-0.5774, -0.3248)
One relative maximum point: (ﬁ 3‘E) . 1A (0.5774, 0.3248)

3716
-1, -1y, 0,0) and (1,1
bl 4 b bl ] 2 4 .

The curve has no vertical asymptotes since f is continuous on R.

Three points of inflexion:

lim f(x)= lm —%—=0
X~»—*c0 X—>*e0 (1 + x2 )2

y=0 is a horizontal asymptote.

2000-AL-P MATH 2-6
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(d) The graph of (x) v
NERENE]
ERETIAE
1) 1A Extrema and pts. of inflexion
/\4\ 1A Horizontal asymptote
72 > 1A Shape of the curve
)
B3,
3° 16
()~ £(0) oy 1
. o gx)-g0) _ +x o - __
(e) M Xli)nol_ P’ xlgg_ po xlgf)l' T30 1 and
x _ IM

252
lim g(x)—g(o) = lim (1+x )

x->0% X

1

g ’(0) does not exist.

(ii) The graph of g(x):

V3

3

-,

x—0" x

y
—3£) (ﬁ_ _31/._3_)
16 3,16

xo0t (1+x%)? -

2000-AL-P MATH 2-7
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10. (a) y2=4ax = %:gf M
Slope of tangent to I at (at?,2ar) = =4 = : 1A
2at ¢t
Equation of the normal to [ at (at?,2ar) is
y-=2at _
X - at2 B
te+y-2at—at’ =0 (or y=-tx+2at+at’ 1A
y=-tx+at(2+1%) etc.)
If the normal passes through (4, k), then
ht+k-2at—at’ =0
at’> +Qa-hyt-k=0 1
(b) Let the normals to I~ at the three points meet at (h k).
From (a), ¢, , t, , t; satisfythe equation at® +QRa-hy-k=0. M

the three points are distinct
t, , t , t; aretherootsof at> +(2a-mt-k=0
Hence  sumofroots= f; +t, +13 =0

Alternatively,
at;® +(2a-hty k=0
Hence {at,” +(2a—h)t, k=0 .
aty® +Q2a-hty —k =0

For the system of equations to be solvable, we have

t2 12 1 =(t1 —12)(t2—t3)(t3—t1)(t1 +12 +t3)=0
3
) 15 1
f, , t, , t3 aredistinct
tl +t2 +t3 =0

2000-AL-P MATH 2-8
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Solution Marks

() - (asiz, 2as;) , i=1,2,3,4, are points on the circle
(as,2)? +(2as;)" +2g(as;2)+2 (2as,) +c =0 (M
azsi4+2a(2a+g)s,-2+4afs,-+c=0 1A
Hence s, , i=1,2,3,4, are the roots of the equation
a’st +2a(2a+g)s2 +4afs+c=0 {*) M
sum of roots = §; +55 +53 +54 =90 1A

Alternatively,
(as,v2 ,2as;) , 1=1,2,3,4, are points on the circle
s, , i=1,2,3,4, are the roots of the equation

(as?)? +(2as)? +2g(as?)+2f(2as)+c=0 ... (*") IM+1A
coefficient of s> in the equation is zero 1M
sum of roots = §; + 5, +853 +54 =0 1A
Alternatively,
Solving x2+y? +2gx+2fy+c=0 and y? =4ax , we have 1M
2\? »?
A +yt42g = [+2f+c=0
4a 4a
y* +(16a° +8ag)y2 -4-32(12]‘jz+16ca2 =0 1A
sum of roots = 2as; +2as, +2as; +2as, =0 IM
Hence s, +s$,+53+54 =0 1A

(d) Let A, B, C and D be the points (at,2,2at1) , (at22,2at2) ,

(at32,2at3) and (at42,2at4) .

(i + A,B,C and D arethe intersection points of a circle and I,
L+ i3+t =0 from (c). i
the normalsto 7~ at 4, B and C are concurrent,
t +1y+13=0 from (b). 1
Hence ¢, =0 = D=(0,0). 1
(i) If A, B are symmetric about the x-axis, then
=, = H+5=0 1
L+t +23 =0
13 = 0
From (i), t; =1, =0
The circle touches 7™ at the origin. 1
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11. (a) Areaoftrapezium PQRS = %(PS +OR)
=1inr 1A
area under the curve y=Inx between x=r -% and x=r+ %
< area of trapezium PQORS for r=2
L
Hence jr lz Inxdx <Inr for r=2 1
-k
2
For any integer n2>2 ,
" no [T nry
L lnxdx—zhzj‘_% lnxdx—J.n Inxdx 1A
n n+% 1
< Zr=2 Inr- L Inndx (v Inn<lnx for nsxSn+-:2— M
or y=Inx isincreasing)
= ln(n!)——;—lnn
" 1
L In xdx <In (a1~ In |
7z
(b) Refer to the figure below,
area under the curve y =Inx between x=r-1 and x=r
> area of trapezium ABCD for r>2
YA
.— y=Inx
M
0 -
Hence Ir lnxde—%—[ln(r—l)Hnr] for r22 1
r-1
For any integer n22 ,
n n r
Inxdx = [ nxar
J'l nx Zr=2 - nx
1 n
> 5 th [ln(r -1)+In r] M

I . _1
-ZH Inr-—-(lnl+inn)

= ln(n!)-—;—lnn

2000-AL-P MATH 2-10
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Solution Marks

©) j-ln xdx‘ = xlnx- jx(—j;)dx

=xlnx—-x+c¢ 1A ignore ¢

j’" nxde = nlan—n—>ln-+> and
s 2272

j'" Inxdx = nlnn-n+1 1A 1 mark a\.Nar.ded for ge_tting one of
| the definite integrals right
Using the results of (a) and (b), we have

nlnn—n——3—ln3+—3- < ln(n!)——l-lnn < nlnn-n+l
2 2 2 2

3.3 3 1
~Zin=+= < ln(m)-—Inn—-nnn+n <1 IM
2 2 2 () 2
3 3 1
2(1-h=) £ In(m)-|n+—=\lnn+n <1
2( 2) (n) ( 2)
3m2 < ln(n!)—[n+l Inn+nine < Ine M
2 3 2
e* is strictly increasing IM
3
(3)2 < ’]’! <e
3 0 Zem
n+s _n 3
lon "¢ s(—}——)z 1
e n 2e

2000-AL-P MATH 2-11
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Solution Marks
12. (a) () By Mean Value Theorem, there exists &; € (a,¢) and &, €(c, b)
such that
—fi . -
100D gy and DD opey) . IM+A
c—a b-c
f"(x)=20 for x el
f' is increasing on 1 M
a<é <c<éy <b
f'(6)<f'(&)
flc)-f(a) N f(b) - f(c) i
c-a  b-c
(b= o)[f(c) - f(a)] < (c - a)[f(B) - ()]
[(b-c)+(c-a)lf(c)s(b-c)Ha)+(c~a)f(b)
b—c c—-a
f(c)sb_af(a)+b_af(b) 1
G) -+ Aa+(1-A)b =a+(1-A)b-a) >a and 1A
Aa+(1-A)b = b-Ab-a) <b 1A
Alternatively,
Aa+(Q-ADb-a=(1-2)b-(1-A)a=(1-A)(b-a)>0 and 1A
b-[la+(1~A)]=Ab~-a)>0 1A
Let g(f)= ta+(1-1)b where t € [0, 1].
g)=a-b<0 1A
g(1) <g(D) <g(0) for A€ (0, 1) 1A

a<la+(1-A)b<b

Let c= Aa+(1-A)b , then c € (a, b).
Using the result of (a)(i),
flAa+(1-2)b} =1f(c)
b-c¢ c-a
P fla)+ 2 f(b)
_ AMb-a) (-A)b-a)
= Tpoa AT O
= Af(a)+(1-A)f(b)

<

f(b)

(b) (i) Let glx)==x" for x>0.
Then g"(x)= p(p-1xF2 20.
From (a)(ii) and for 0<a<b, 0<A<1,
[Aa+(1-A)bJF < Aa? +(1- A)b*

(i) Let h(x)=-Inx for x>0.

Then h"(x)= Lz 20.
x

From (a)(ii) and for 0 <a<b, 0<A<1,
~In[Aa+(1-A)b]< A[-Ina]l+(1-A)[-Inb]
InfAa+(1-A)b]l2Alna+(1-A)Inb
InfAa +(1- A)b] 2 na*b'™*

da+(1- )bz a*b™ (s €" is increasing)

2000-AL-P MATH 2-12
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T a—thrdr
Bo@ 0 v flx) =
j'o (-t d

- j (1= (=u)*)" du
- 0

f (1-2*)"at
[}
- £,

(putting f=-u )

Alternatively,

(1-1%)" iseven

3 )
L(l—/*)”dt = f_(l—ﬂ)"dz

== J;X(1~l4)”dt

increasing, passes through
0,0),(1,1) for 0sx<1
concave downward for 0 €x<1
all correct

ively,
f,(x) is increasing on [-1, 1] and
f,(H)=1
f,(x) <lon[-1,1]

f,(x) isan odd function. 1
, 1_ 4\n
) £, = 1A
j a-tH"dt
0
" _4 3 1_ 4\ n-1
gy = 2 (x) A
j (1-1%)"dt
0
(ifi) For 0<x<1, f, (x)>0 and f, () <O. M
£ @) =0, f,() =1, £, 1) =0 £, (0) =0 and £, 1) =0.
The graph of f,(x) for ~1<x<I.
y\
| 1 I
T e
: ; 1A
-1 ; :
; 0] 172 1 x 1A
1A
_______________ ___1
, It
(1-*)"dt
(b) 1-f,(x) = ———
j (1-t*)"ar
1]
When 0<x<1, 1-f,(x)=0 since (1-t*)" 20 for 0<r<1. 1

2000-AL-P MATH 2-13
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Solution Marks

Againfor 0<x<1,

3
-ty (-1 far 0<xsr<]
P

i 143
= 1-t*Y'dr < | —(1-¢*)"de
L( ) L x3( ) IM
I
_ A |a-h™
2| AmeD | M
(1_x4)ﬂ+1
T
A= <a-tH"  for 0ss<1
1 1
1-¢*y'dr = | 2a-¢*)"d
= [a-fya = [ra-dya M
ii (l—td)"“:r
4(n+1) 0
1
4(n+1)
_ Ayt _ LAyntl
Hence 1-f,(x) < Q—Jf)—3—'4(n+l) = (i_x_)___ 1
4(n+Dx x}
(c) Foreach xe(0,1]
_ 4 n+l
Osl—f,,(x)sg——x—J)——- and lim(1-x*)""'=0
Nn-—=>x
lim [1 -f, (x)] =0 by sandwich principle 1
n-yoo
= gk=1 for 0<x<l.
£,(0) =0 forall n
g0)=0 1
Using that fact that f, (x) is an odd function,
the graph of g(x) for —1<x<1 is sketched below.
y
1 o0——r——e
-1 1A
: 0 1 X
i—————«r-l
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1
X X x
14. (@ () lim f(x) = lim [" b 1
x—>0" x-»0% 2
i
bt 1 F4b"
Let y=(a 5 } for x>0, lny=;ln[a 2 } IM for taking logarithm
ln(ax +b" J
2
lim Iny = lim
x—0" x—0" X
X X
= lim 2 Ina+b" Inb by L’Hospital rule 1A
x=>0"  g" +b”
_Ina+lnb
2
= ln\/:z_b-
lim f(x) = Vab 1A
x—0"
lim f(x) = f(0) and fis defined on [0, ]
x=>0"
f is continuous at x=0. 1
1
x X \x
iy lmf(x) = lim(a *+b ]
X—>0 X~—a0f 2
!
b b * ix
= lim2 *a l+(—) 1A
x—w a
L
=a (. lim2 * =1 and
X—>x0
1 .
. b x % . l—ln‘:l+(£)]
m|1+| — =lime =1} 1A
x>0 a X0
Alternatively,
1
x x\x x x
Let y=(a b }x for x>0, lny=—l—ln[a *b ]
x 2
[a" +b* ]
In
] 2
limlny = lim
x>0 X=>0
X X
- fim & 1na*b" Inb by L'Hospital rule
oo g% 4+ b”
. a*lna b* Inb
= lim + lim
x>0 g% 4 p* 30w gT + bt
- fim—2% 108 1A
X—>a0 b x o (g x
1+(—~) (— +1
a b
=lna 1A
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Solution Marks
(by (i) For 0<t<1,
=0+ Ind+)+(1-OIn(1-1)
W@ = 1+In(l+#)-1-In(1-1) 1A
- 1n(1—+ij >0
1-¢
Hence h(f) is strictly increasing on (0, 1) .
h is continuous at =0,
h(¥) > h(0) for 0<t<1. 1
X X
(i) Let t=2 .
a*+b*
0<a*-b* <a* +b"
0<t<1 _ 1
h() = 2a n 2a . 2b n 2b
a*+b% \a*+b* ) a*+b" \a"+b"
-2 1nax+1n( 2 J 2 lnbx+ln( 2 )
a* +b* a* +b”* a*+b* a* +b*
- Ing*+5*Inb +ln( 2 )_l :
a* +b” a +b" J
(iii) For x>0,
g(x) = Inf(x) = J—ln(a ld }
X. 2
Iy X X X X
2 = fix) 14 Ina+b lnb___lz_]n a‘+b M
flxy =x a*+b* x 2
2 g'x) = x(@* Ina+b" Inb) I a*+b*
a* +b* 2
a*lna® +b* Inb” [ 2 )
= +In| 1
a* +b* a* +b*
2 ax—bx
Now, 2x° g'(x)=h(r) where t= .
a*+b*
0<t<1
h(£) > h(0)=0
2x? >0 for x>0
g'(x)>0 for x>0 1
f(x) = 28
fr(x) = 5 g'(x) 1A
f'(x)>0 for x>0
f is continuous at x =0 by (a)(i)
f is strictly increasing on {0, o). 1
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