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FORMULAS FOR REFERENCE

sin{A+ B)=sin Acos Btcos Asin B
8.30 am —11.30 am (3 hours) cos(At B)=cos Acos B¥sin Asin B
This paper must be answered in English +
tan(4 £ B) = M
I ¥ tan Atan B
sin A+sin B =2sin A+E cos A;B
L. This paper consists of Section A and Section B. . . A+B . A-B
sin A—sin B=2cos 5 sin
2. Answer ALL questions in Section A and any FOUR questions in Section B.
A+B A-B
cos A+cos B=2cos cos
3. Youare provided with one AL(C)1 answer book and four AL(D) answer books. 2
. A+B . A-B
Section A : Write your answers in the AL(C)1 answer book. cos A—cos B =-2sin sin
Section B : Use a separate AL(D) answer book for each question and put the
question number on the front cover of each answer book. 2sin A cos B =sin(4 + B) +sin(4 —B)
2 cos s B = cos s(A4—
4. The four AL(D) answer books should be tied together with the green tag c.os 4 c.os 5= cos( A+ B) +cos(4 - B)
provided. The AL(C)1 answer book and the four AL(D) answer books must be 2sin 4sin B = cos(4 - B)—cos(4+ B)
handed in separately at the end of the examination.
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SECTION A (40 marks)
Answer ALL questions in this section.
‘Write your answers in the AL(C)1 answer book.

L.

Suppose the system of linear equations
x + y - A =0
(*): x + A - z =0
Ak + y - z =0
has nontrivial solutions.

(a)  Find all the values of 4.
(b)  Solve (*) for each of the values of A obtained in (a).
(6 marks)

For any positive integer 7, let C; be the coefficient of xk

of (I+x)" .

in the expansion

(@  Showthat C} +Cj, =C/t .

(b)  Byinduction on m or otherwise, show that
" at] n+2 ntm ntmt]
Crl + Crl + Crl +eoet Crl = CrX‘H

forany m=0.
(5 marks)

If vectors a,b and c¢ are linearly independent, show that a+b, b+c and
c+a arealso linearly independent.
(4 marks)
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4. Let P(x) be a polynomial. When P(x) is divided by x> —4x—21, the
remainder is 11x—10 . When P(x) is divided by x> —6x—7 , the remainder
is 9x+c , where ¢ is a constant.

(a)  Find a common factor of x*>—4x—21 and x> -6x-7 .
Hence find ¢ .
(b)  Find the remainder when P(x) is divided by x> +4x+3 .
(6 marks)

5. A, B and C are three points in the Argand diagram representing the complex
numbers z, , z, and z, respectively. If z;, =0, z, =1+/ and A4BC is
equilateral, find z; .

(5 marks)

6. It is given that the matrix representing the reflectionin the line y = (tano)x is

cos2o  sin 20
sin20 —cos 20 |
Let T be the reflection in the line y = %x .
(a)  Find the matrix representation of T.
(b)  The point (4,7) is transformed by T to another point (x,, y,) . Find
x, and y, .
(¢)  The point (4, 10) is reflected in the line y= %x +3 to another point
(x5, y,) . Find x, and y, .
(7 marks)
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7. A sequence {a,} is defined as follows:
a,=l and L —L=2n+5 for n=1,2,3, ....
5 Apyp Gy
(a) Show that a, =— for n=1,2,3, ....
n°+4n
x+2 . . .
(b)  Resolve ————- info partial fractions.
(x° +4x)”
Hence or otherwise, evaluate lim 2” k+2)ay 2
n—so0 k=1
(7 marks)
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SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.
Use a separate AL(D) answer book for each question.

8. Consider the system of linear equations
x +Ay + z =
(E): 3x — ¥y +(A+2)z = 7 where AcR .
x -y + z = 3
(@)  Show that (£) has a unique solution ifand only if A==+l .
(3 marks)
(b) Solve (£) for
(@) A=tl,
@y A=-1,
i) A=1.
(8 marks)
(¢)  Find the conditionson «, b, ¢ and d so that the system of linear
equations
x +y 4z =1
3x —y 43z = 7
x -y +z =3
ax +by +ecz = d
is consistent.
(4 marks)
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©

(d)

Let 4 and B be two square matrices of the same order. If
AB=BA=0 , show that (4+B)" = 4" +B" for any positive integer

n.
(4 marks)

¥ )

a b P g
Let 4= 0 0 where a, b are not both zero. If B= R

show that AB=BA=0 ifandonlyif p=r=0 and ag+bs=0.
(4 marks)

x y - .
Let C= [0 ~ | where x, z are non-zero and distinct. Find non-zero
z

matrices D and E suchthat C=D+E and DE=ED=0 .

(3 marks)
2 5\
Evaluate .
01

(4 marks)
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10. Let a=i-j+2k , b=—i+j+k , ¢c=j+2k bethree vectorsin R® and P
be the plane containing a and b .

(@) Provethat a and b are orthogonal.
(1 mark)
(b)  Find the volume of the parallelepiped formedby a, b and c.
(3 marks)
(¢)  Find a unit vector n perpendicular to the plane P.
(2 marks)
(d)  Find the angle between ¢ and P.
(3 marks)
(¢)  Find two vectors u and v such that u+v=c, where u is
perpendicular to P, and v lieson P.
(3 marks)
® Express ¢ as a linear combination of a, b and n where n is the
vector obtained in (c).
(3 marks)
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11.  Let @ beacomplex cube rootof 1.
(a)  Prove the identities
(1) a? +b+c? —ab—be —ca=(a+bo +co ) a+bo” +cw) ,
(i) @+ +c? =3abe=(a+b+Nat+bo+coYa+bo® +cw) .
(4 marks)
(b)  Consider the equation
22 -9z412=0 .. ™.
@) Find real numbers p and ¢ such that
pP+g =12 and pg=3 .
(ii)  Using (a) or otherwise, find the roots of (*) in terms of ®.
(5 marks)
(¢)  Consider the equation
Y +3y7 — 1204105 -14=0 ... (**).
Using the substitution y =z -/ with a suitable constant 7, rewrite
(**)as z> +sz+1=0 where s, ¢ are constants.
Hence solve (¥¥).
(6 marks)
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12. (@) Let g;, b, berealnumbers, where i=1,2, ..., n. By considering the
function f{z)= 2; (a;t=b;)? , or otherwise, prove Schwarz's
. . n 2 n 9 n 9
inequality (ZI:I aibij < (ZI:I a; Izl':lhi J .
(4 marks)
(b) Let x,x,,...,x, bepositive real numbers. Show that
2
no k) "o k2 nok
A < A A
(ZJ:I X J - (zl':lx’ Izl':lx’ J
for any non-negative integer % .
(3 marks)
(©) Let x,,x,,...,x, be positive real numbers such that 27 x; =1
. . " P n pH
Prove by induction on p that 2i:|xi S"Z,-:.xi
for any non-negative integer p.
(5 marks)
(@ Let y,v,,...,», bepositivereal numbers. Show that
" o e n
(2}:|Ji IZJ:|Ji J_ nZ/‘:I)i
for any non-negative integer p .
(3 marks)
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1999 Paper 1
Section A

I. (@ A=-2 or 1

(b) When A=-2, SS.={¢,1,—1):teR}.

13.  Let o beacomplex number and u, v be variable complex numbers satisfying When A=1, S8.= {(‘\‘ Jst)is,te R} .

Outoum=00 and Ov+ov=w

respectively. Let L be the locus of # and C be the locus of v. 4. (@ x-7 isacommon factor.

c=4
(a)  Show that
(b) 19x+14
(1) the equation of L can be written as |u - oc| = |u| N
(i)  the equation of C can be written as |v —ot|=|o . 5. 1_ﬁ+1+ﬁi or 1+‘/§+1_‘/§i
(4 marks) 2 2 2 2
(b) For a=2+i, sketch L and C onan Argand diagram. 3 4
(4 marks) 5 5
6. () i3
. 1 . = _ 5 5
© @ Let z=— . Show that z satisfies fSz+ fz=2zz forsome
u
constant . Hence sketch the locus of z on an Argand diagram b x=8, y=-1
for 0=2+i .
. 1 . © x,=8, y,=2
(ii) Let z== . Sketch the locus of z on an Argand diagram for
v
=2+ . x+2 1 1
7. ===
(7 marks) 2 +41)° g[xz (x+4)2J
. n 205
,}Enw ZA:I (Ur+2a,” = 1152
END OF PAPER
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FORMULAS FOR REFERENCE

sin{A+ B)=sin Acos Btcos Asin B
1.30 pm —4.30 pm (3 hours) cos(4x B)=cos Acos B¥sin 4sin B
This paper must be answered in English +
fan(4+ B) = tinA_tanB
I ¥ tan Atan B
sin A+sin B =2sin A+E cos A;B
L. This paper consists of Section A and Section B. . . A+B . A-B
sin A—sin B=2cos 5 sin
2. Answer ALL questions in Section A and any FOUR questions in Section B.
A+B A-B
cos A+cos B=2cos cos
3. Youare provided with one AL(C)1 answer book and four AL(D) answer books. 2
. A+B . A-B
Section A : Write your answers in the AL(C)1 answer book. cos A—cos B =-2sin sin
Section B : Use a separate AL(D) answer book for each question and put the
question number on the front cover of each answer book. 2sin A cos B =sin(4 + B) +sin(4 —B)
2 cos s B = cos s(A4—
4. The four AL(D) answer books should be tied together with the green tag c.os 4 c.os 5= cos( A+ B) +cos(4 - B)
provided. The AL(C)1 answer book and the four AL(D) answer books must be 2sin 4sin B = cos(4 - B)—cos(4+ B)
handed in separately at the end of the examination.
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SECTION A (40 marks)
Answer ALL questions in this section.
‘Write your answers in the AL(C)1 answer book.

. xsina:
(a) Evaluate lim——>o®
x—=01—cosx

|
(b)  Using (a) or otherwise, evaluate lim (1—cos x) ™~ .
x—0*

(6 marks)

(@  Let f bea continuous function. Show that J.” flx)dx = J. i fm—x)dx.
0 0

xsinx

k3
(b)  Evaluate J. ——dx .
0 l4+cos” x

(6 marks)

Figure 1 shows the graph of »= % +cos 20 . Find the area of the shaded

region.
0=
2

(4 marks)

99-AL-PURE MATHS 2-3 -2- Go on to the next page

@@ {4k Al Rights Reserved 1999

4. Let fx)= 3’” )
x° =1
(a)  Resolve fix) into partial fractions.
()  Find £“(0) , where n=1,2,3, ....
(5 marks)
2eost if 0
5. Tet f={¥ 37 1 x>0
ax+b if x<0
be differentiable at x=0 . Find ¢ and b.
(6 marks)
6. (a) Suppose f: R — R is a function satisfying fla+x)=fa—x) and
f(h+x)=1Hf(b—x) forall x, where a, b are constantsand «>5 . Let
w=2(a—b) . Showthat w is aperiodof f, i.e, fx+w)=fx) for
all xe R.
(b)  Suppose g: R —R isaperiodic function with period 7> 0 satisfying
g(x)=g(—x) forall x. Show that there exists ¢ with 0<c¢<T such
that g(c+x)=g(c—x) forall x.
(6 marks)
7. Let L, be the line of intersection of the planes x+y+z=1 and

x-y-z=5,and L, bethe linepassing through (1,1,—1) and intersecting
L, atright angle.

(a)  Find a parametric equation of L, .

(b)  Find the coordinates of the point of intersection of L, and L, , anda
parametric equation of L, .
(7 marks)
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SECTION B (60 marks) 9. Let » be a positive integer.
Answer any FOUR questions in this section. Each question carries 15 marks.

2n

Use a separate AL(D) answer book for each question. , - 2 ,
(@)  Show that - =(1+r“+~~+r“"’“)+1 for "1 .
-t -t
) (2 marks)
8. Let f(x)=xe* for x=0.
(b) For —l<x<l, show that
(a) Find limf(x) and show that f{x) > as x—0" . < 1
0 (6] dr=In
3 mark: 0 2 2’
(3 marks) = I
(b)  Find f'(x) and f"(x) for x=0. b s ”
xpn 4 R
(2 marks) i) j L di=ln B [ ST S
0]—42 1— 2 2 4 2n
(¢)  Determine the values of x for each of the following cases: (7 marks)
] f'x)>0, & i+
n 1(8 9 (8
G) £7(0)>0. _— (c)  Show that 031n3—2AZITk[EJ S2n+2[3j .
marks
&
o 1(8
(GY] Find all relative extrema of f{x) . Hence evaluate ZA:I 2_k [EJ .
(2 marks) (6 marks)
6 marks
(¢)  Find all asymptotes of the graph of f(x) .
(3 marks)
[63) Sketch the graph of f(x) .
(2 marks)
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10.  (a) Let f:

R — R be a strictly increasing bijective function.

@) Show that the inverse finction £ is also strictly increasing.
(i) Let a<pand #,, 15, ..., t, €la,b], n22.
ETART
1
Show that o <f [; 2,-:. 1, )Js b.
Find a necessary and sufficient conditionon ¢, , 7, , ..., ?,
ETARY
1
such that a<f (; ZI_ZI f(r,-)]<b .
(8 marks)
1
(b) Let g:R— R bedefinedby g(x)=x3.
@) Show that g is bijective and strictly increasing.
1 1
3 4y 3
Hence show that 1< Bl i <n for n22.
n

(i)  Find the area enclosed by the graphs of y =g(x) and

y=g'@).

(7 marks)
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11. (@ For n=0,12,... and y20, define I, (y)= J'J"r"e"
0

Prove that I,(y)=-y"e™ +nl, (y) for n21 and y20.

Hence deduce that I,(y)<n! for n20 and y 20.

(5 marks)
(b) Let » be a positive integer.

(6] By considering g(x) =nln(m+x)—nlnm-x)-2x for
0<x<n, showthat (n+x)"e "™ 2(n—x)"e "™ for
0<x<m.

2 "
(i)  Use (b)) to show that J' uhetdu > J' wedu .
" 0
2 "
Hence deduce that J. Xr"e"dr > 2e"’J~ x(n—r)'x e'dr .
0 0
(8 marks)
, "
(c)  Using the above results or otherwise, show that i,J. x(n -N"e'dr< %
nldo

for all positive integers #.

(2 marks)
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2 2
CoMT L) where a,bhe R

12. (@)  Theequation of the ellipse E is
and o, b>0.
@) By integration, find the area enclosed by E.
(ii)  Ifthestraight line y=mx is tangent to £, show that
2
2
b

m- = .
2 2
h*—a”

(6 marks)

(by  For n=1,2,3,..., let E, be the ellipse givenby
G=h)' Y

2

=1,

19 o

an’ pa,
where p>0, h,>h,, and %, >a, >0 . Supposeforall n, E,

and E,,, touch each other externally and the straightline y =mx isa

common tangent toall E, as shown in Figure 2.

b4 y=mx

Figure 2

(i) Express h, —h,,, intermsof g, and a,, .
(ii)  Using (a)(il) and the result of (b)(i), or otherwise, show that
Ay _ =

a, o+

(iii) Let §, be theareaenclosedby the ellipse E, . Evaluate
zw |S” interms of @, , A and p.
n=
(9 marks)
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13.  Let f(x) be a differentiable function on R such that
xe R.

()| <|f)] forall

(@) Suppose ¢ 20 and fl@)=0. Let xe (a,a+1) .

(6] Using Mean Value Theorem or otherwise, show that there exists
&€ (a,x) such that |f(x)|<|fE)|(x—a) .

(ii)  Using (a)(i) or otherwise, show that for each n=1,2,3, ...,
there exists &, € (@, x) such that |f(x)| < |f(§,x )|(x -a)" .

(iii)  Using (a)(ii) or otherwise, show that f(x)=0 for all
x€ [a,a+1].

You may use the fact that there is /7> 0 such that |f(x)| <M

forall xe [a,a+1].

(9 marks)
(b) Suppose f{0)=0.
(6] Using (a) or otherwise, show that f{x)=0 forall x & [0, %) .

(i)  Showthat fix)=0 forall xe R.
(6 marks)

END OF PAPER
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