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9.00 am-12.00 noon (3 hours)
This paper must be answered in English

This paper consists of nine questions all carrying equal marks.
Answer any SEVEN questions. '
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¢
. : 3. Let d b bet iti 1 bel t . F
 real matices and I be the identity matrix a an WO positive real numbers not both equal to 1 or
1. Let . be the set of 2x2 1 Ja + /b
of order 2. n=1,2,3 ..kt xn=n(u2 —1) .
(a) For any A € ., show that if A® =1, then detd =1.
h
- a) (i) Find km £&—1L
(b) Let B € # such that B* +B+1=0. @ @ h>o h
: (i) Show that B® =1 and B! =-(B+1]). (i) Show that lim x, =In+vab .
; . n-—»o0
- 3 100
1 Gi) Simplifty /+B+B* +...+B (i) ¥ lim x, =0, show that x, #0 forall n.
-{i n -»oo
A a b = -
: . = hat a +d=-1.
il lfB-( ),showt noon_
(@ c d () For n=1,2,3,..,let y, = (%ﬁ) . By expressing y,
. ith i tries such that . -
i§ (c) Find a matrix M € .# with integral entries in terms of n and x, , find "linwm Y-
k1
i M+1 and M =1. Hence, or otherwise, show that
i
4 . =
°f 2 2 2= lim y_= +ab .
i 2. (a) For any real numbers 42, b and c such that g +b" +¢ N
; : +ib
j and C*l,letz=al_c'
2 _l+c 4.  There are n(n > 1) different boxes each of which can hold up to
() Show that z|* = 1-c¢ n + 2 books. Find the probability that
(ii) Express each of a,b and c in terms of 2 and z . (a) no bo:; is empty when n different books are put into the boxes
at random,
Let s={(abC)1 a,b,cER, a*+b*+c?=1 and c#l}.
®) A mapping }:’ S > C is defined by (b) exactly one box is empty when n different books are put into
the boxes at random,
_atib
fa, b, c) 1-¢ i (c) no box is empty when n + 1 different books are put into the
!
i boxes at random,
() Show that f isa bijection. '
{ b} (d) no box is empty when n + 2 different books are put into the
” = €S a= .
(i) Let A=. {a,b,c)

boxes at random,
Sketch the direct image f {A] on the complex plane.

(e) exactly one box is empty when n + 1 different books are put
into the boxes at random.
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(a) Given 2 real number a with 0 <@ < 1, show that if 0 <X <1,

@) (+x)P<1tax,
@ (1-x)¥<i-oex.

(b) Show that for any positive integers 7 and k,
n

SLIR . n
(——‘":')((ku)""-k"")< 1 <(1'—:-1)(k""—(k-l)"")

)
() Show that 14998 <4+ A o < 15000.
V3 1000 000

Vi

&

defined on R if
then ¢(x) = ¢(1)x

It is known that for any continuous function ¢
#(x +y) = $(x) + ¢(y) forany X ,y €ER,
for any x € R.
(a) Suppose f is a non-constant continuous function defined for all
positive real numbers such that

f(xy) = f(x) + f(y) for any Xx .Y >0.

The function g Is defined by (?) = f(e') for t€R.

(i) Show that g(t) = eg(1)¢ forany t €R.

(ii) Deduce that f(x) = log,x for any x > 0, where b=e

(b) Suppose h is 2 non-constant continuous function defined for all
positive real numbers such that

h(xy) = h(x)h(y) forall x .,y >0.
Consider the function H(x) = log, h(x) for x> 0.

Show that H(x) is well defined (ie. h(x) > 0) for all
positive x.

@)

(i) Using (a), ot otherwise, show that h(x} = x¢
where ¢ is a real constant.
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f(e) .

for all x>0,

A relation R is defined on the set 4 = { (m,ny:m,n=0,1,2
by (m',nYR(m",n") iff m" +n"=n"+m" , T
(a) Show that R is an equivalence relation.
®) :l.zt A/R be t.he quotient set defined by R and let [m
enote the equivalence class containing (m, n). A functi "
f: A/IR > Z is defined by f([m, n])=m —;l e
(i) Show that f is well defined.

(ii) Show that f is a bijective mapping.

(c) Given (a,b) €A with a
’ ,b+# 0, a function h:
is defined by h([m , n}) = [am +bn, bm +an] . : A/R - A/R

(i) Show that (fo hX[m, n]) = (a - b)Ym — n)
(ii) Show that h is injective iff a # b .

(iii) Show that h is surjective iff |a — b| = I

Given two positive integers n and r, let

Px)=x"+(x+1) +...+(x+n).

x!, show that

(a) When P(x) is written in the form P(x) = i} a
t=o !

a,=n+l,a = C"(l"' +270 e ) for t=0,1,2,...

(b) LetS(O0,n)=n+1 and S(t,n)= Z m', where t=1,2

r-
Show that (n + 1) = ‘):L cl St n).

(c) Use (b) tofind S(1,n),S(2,n) and $(3,n)
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(a) et a = (01 ,da s a3), b= (bl s bz R b3) and ¢ = (Cl ,Ca2 03) HONG KONG EXAMlNATIONS AUTHOR'TY

be three vectors in R3 such that
. HONG KONG ADVANCED LEVEL EXAMINATION 1987

iR HEZ
o o o PURE MATHEMATICS PAPER Il

G 1 M= (bl b, b3>, show that MMT =1, where 2,00 pm-5.00 pm (3 hours)

aca=b-b=c-rc=1

and a°b=b-c=c'a=0.

¢, 2 €3 This paper must be answered in English

MT s the transpose of M and [ is the identity matrix
of order 3.

(i) Forany u= (uy , 42, u;) € R?, by considering the system
of equations
a u; +ayu; tazus = 0
byuy +hyu, +byus =0

coy + CaUg tCau3 =0, This paper consists of nine questions all carrying equal mark

show that if ura=u-b=u-c= 0,then u=0. Answer any SEVEN questions.
(i) Use (ii) to deduce that for any v € R®,
v= (v-a)a+(v-b)b+ (vec).
[Hint: Put u=v- [(vea)at (v-b)b+ (v c)el.]
(b) Let ¢: R® > R® be a mapping such that o(x) - d(y)=x"y
forall x,y €R>.

Show that ¢(x) = x,10() + x200) * x3¢(k), where
x=(x.,xz,x,),i=(l,0,0),j=(0,1,0) and k=(0,0,1).

Hence, or otherwise, show that ¢ is linear, i.e.

SOAx + py) = Ao(x) + BO(Y)

forall A,u€R and x,y ER®.
END OF PAPER
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1 -
k = TR 0
(a) Let I = fo coskxdx,k=0,1,2,

Express /g, , in terms of k and I .

=0,1,2,... -
Hence evaluate T, and I, for n

(b) For any positive integer m, show that

L4
- L1
z H

o

i

cos™* ! x dx

i o .
te lim
Hence evalua oo o

2
: l cos™ x dx
(]

(¢) Using (3) and (b), or otherwise, evaluate
4 2n x 2n
tim 2XL % $EL % X Eonan D)
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2. Consider the parabola T' with parametric equations

2
m
,cos"'”xdx</ cos'"“xdx</ cos™ x dx .
[} [

x = at?
y=2at, a>0.

(a) Show that the equation of the normal to T' at the point (ar?, 2ar) is
tx +y—(at® +2at)=0.

(b) If t, # 0, show that the normal to T' at the point (at,?, 2aty)
meets T again at a point (af,?, 2at,), where t; £1¢,.

(¢) Let an x,, y")} be a sequence of points on I' such that

PP, . isnormalto I' at P for all positive integers n.

2
() Show that x,, - x, =;4:_". +4a.

—-xy > 4na and lim L-o.

n—s>o0 "y

(ii) Prove that x, |

(i) Find lim (x,,, —x,) and tm (|y,..]- |7.]) -
n-»>oo n oo
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3, For n=1,23, ...t ¢ = 3 71-'- and b, = (1 +%)" . 4. (a) For any non-ncgative integers m and n, let
rag Tt
1

(a) Show that the sequence {a"} is convergent. ‘ B(m,n) = /o x™(1 - x)" dx .

[Note: You may use without proof the fact that a monotonic ;
increasing sequence which is bounded above converges.) : Show that B(m, n) = —Z
( ) m+1B(m+1’"_1) forany m»0,n> 1.

(b) Show that b, =2+ ,?Jl'g'“ -hao '%) -5 Hence, or otherwise, deduce that

Hence deduce that b, <@, . B(m,n) = —min!
(m+n+1)!

(c) If nis fixed and greater than 1, show by induction on 7 that,

for 2<r<n, .
‘ ® @) Evaluate / 0 -x
-1 - - _r=1 dx .
-z < (-0 2y ... (-55F)- o 1+x?
(i) Usin i
Deduce that (1 —71'-) a, <b, . g (b)) and (a), show that
. 1-2135 <22 _,c_L .
Hence show that the sequence {b"} converges and lim b, = lim &, . 7 630
n—»>oe n —»o0
|
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x=a, +tpt X =a; +pyt
n £V 4 . +ta, bea polynomial of degree n 6. (a) Let & : {y=b,+q.t and 2, : {y=bh, +qg,t be two
5. et f(x)=a,* * -t ° uch that
with real coefficients @, ,@y_y + -2 8 S ‘ z=cy tryt =6t

. given lines. Suppose €, and ¢, intersect.

k =0
/oxf(x)dx a, —a; p, pa

() Show that |b, -5, q, q.| =0.

for k=l,2,..'..,n- :
! €y —€Cy Iy I,

(a) Show that
. i (i) If 2, and 2, are distinct, find a vector normal to the
(i) f [f(x)] ? dx = “o/ f(x)dx , plane containing £, and £, .
0
)
Hence, or otherwise, obtain the equation of this plane.
. 4 o, Znou +...+—-'-‘—°—-i=0for k=1,2,...n.
@) k+n+l k+n k+ (b) Consider the lines
a, oy 4 s %o can be written as x=pt
(b) Prove that ’—:‘n—ﬁ t+n t+ Ly:{y=qt
C(t—l)(t—Z)‘.».(t('n)l—), e
1+
(t+n+1Xt+n) ... x=
= q'
where C is a constant. Ly: =r,
1 z=pt
. -1)? n+l)/ f(x)dx.
(c) Show that the constant C in (b) equals (~1)"( ° x=r
and Ly: {y=pt ,

Hence, or otherwise, show that o

1 . ! q 2 : where p ,q and r are distinct and non-zero. Find the equation
/ [f)? dx = (n + 1) f(x)dxt . of a plane containing L, and perpendicular to the plane which
o contains L, and L, when

0 pgteg+m+o0,
@) pg+ter+m=0.
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8. (a) Let g: R - R be a function with a continuous second derivative

Let f(x) = "_lil_(x_lﬂl , where x €ER and x #1. ' and let 2 € R. Using integration by parts, or otherwise, show that
% —

x
(@ Find f(x) if x #0. 8(x) = g(a) + (x —a)g'(a) + /‘ (x-0g"(t)ar

(b) @) Find the local maximum and minimum points and the ; for every x €ER.
asymptotes of the graph of f(x) .
. £ inflexion () Let f: R -+ R be a function with a continuous second derivative
(i) Show that (-1, 3) and (0, 0) are the only points 0 g andlet a €R. A function g: R - R is defined by
A ints, points of . * -
(c) Sketch the graph of f(x) , indicating the extreme points, PO 8(x) = / f(r) dr - L2 =9) [f(x) + f(a)] .
a

inflexion, asymptotes and intercepts.
(i) Using (a), or otherwise, show that

g(x)=-/ L——X-—l*"zf‘“ £7(t) dt.

(@) Suppose |f"(r)| KM for some constant M and for all
t€[0,1]. If 0<a<b<1,show that

b
[ e~ 52100) + o
a

M2
<12(ba).

Deduce that for any positive integer » ,

<__M_.
12n?

1
/o fyae = 5 L [e(E3d) v (k)

[Hint: In the last part, you may divide the interval [0, 1]
into n equal sub-intervals.)
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9. (a) Let n bes positive integer. It is known that for any functions
f(x) and g(x) with nth derivatives, if h(x) = f(x) g(x), then

WM (x) = k% a, f(")(x)g(""‘)(x) ,where do, @1, -0y
-0

are constants independent of f(x) and g(x), 1) (x) = f(x) and
k

f®)(x) = ‘l—f(i‘—) . Taking f(x) = M and g(x) = e*, where A
dx

is a number independent of x,
() find h®™)(x) and f*)(x) g(""‘)(x) and hence

(i) show that ak=C: for k=0,1,2,..,n-

(®) Let u(x)= xMe™,
y(x) = ¥ u™(x) .
where m is a positive integer.

(i) Show that y(x) isa polynomial of degree m and find its
coefficients.

(i) Show that xu'(x) + (x —m)u(x) =0.

Deduce that xu™M* 2 (x) + (x+ l)u("'“)(x)+ (m+ u™(x)=0.

(lii) Using (id), or otherwise, show that

xy"(x)+ (1 - x)y'(x)+ my(x)=0.

END OF PAPER
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