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SOLUTTONS - ===~ “~ T ~""uirl =~

THETTER T IR a

%

ER ER ER ER TS IR W WM

a b .
® @ e v (2 a)e;; .
T_(p 0 R
o (0 q) , S
- B-Ul( )(ur‘ e etecettcenceenenennaaenn
(w x)_(a -b)(p’o)(lwi{)—' S
y z b a/i0 q/\l-b a
.[a’ + b ab(P?q)
ab(p - q) b?p +'a’q
X X =y ............................'..,............’..
i.e B-BT

4

(14) If 3 ~ 37, let B-(: ") .
For U~<_': :)é}, a2 + b2 =1
ax + bz \/a -b
~bx + az/\ b a

a?w + 2abx + b2z
(a?-b%)x + ab(z-w)

-bw + ax

UBU—I - (aw + bx

b3w - 2abx + a’z

A

1) satisfies the

(a2-b2)x + ab (z-v))

1

(
"“If\‘,-/o“ B"(v 2) , then U-(O

given condic‘on.
e

 #tesserestcenrscrsessensaresscsrnnns

s~

— If x #/Q,,_equating (a?
rls-29

e
a? -2 oy - g
& -5 |

J o ab X/

~bx + ab(z - w) to zero.

= C) sa

a-l.k-_a2 Aﬁ@ F///U
(46 + c’)a/‘ - (4 +cat+ 1 =0

Clered 2 [ e D) : -
2(4 + <9 e

A'Pucting a-[(é*cz)‘ /2(4+c)

204 +.e%)

=Ji-a?,

Cl x:U [1] 1

3‘CH=

ﬁ«.‘:!.u-

-

—

.

1 1.-1 .
~k -1 Kl F0 ererieerirereentesvsncccecenns 1.
SIS SR 3 -
k(k - 1)2 40 ,_f, S N 1
: S kF0 and KF 1. cecicecerecrccicccncioesacecss 1
. (11) Fpr k=0, tbe sysr:.‘e.' becczes .
(x+y—_;:; ,Oﬂbc,[%[i(ﬂ(
l ‘y=¢ ..’7.:,....4.,1..................'.... 1
<. : = -, the
systen 1s "cousistenc. 1
({{i)For a = b =c = OVT and k= l: the systen reduces to
x+y-zm= ¢ . .:;.........;:................... L
fl,'O, 1) acd (“1-.' -1, 0) are tvo‘linearly 1ndepend‘enc'
- solutions as one 1s wot a s;alar _r:ultiple of the other. 1 g 1
-(b) Assuning, for con:za&iccicn. thmat (E) is consiste_n:, then
xX+y~z=a )
“kx -~y +kz=b
k?x + v - kz = ¢
For S0me X, ¥y Z ER v eevveernesarnsnesntonssassassacenas 1
o ?‘_,‘7axo + byo +ezg - (x+y—z)x0 + (-kx—y+‘.-::)y0 + (k’x*‘-y—kz)zo 2
] = (xo-kfo*'kzzo)x + (xo-y0+zo)y + (-x0+ky0—kzo): 1
. =0+0+0
i =0 as XO‘—JO"—:O) satisfieg the an' sys:e_:z 2
I; This conrradiers rhe sssvmarion that (a,b,c) (xe,y'c.ic) £0. -
o : 2
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REMARKS

\lternativelz

(b) As ('xo » Jg » %) satisfles the 2nd systen,

x —ky0+k’z0-0f

0
Xg " Vot % "0

=Xg + kyo - kzo L T

For any real x, ¥y, z,

-X(XO

ky +kz)“‘Y(X

0

7o

*z)+z(—x +ky°-ukzo)-0

(1) 'If' pare T
If x, 1<kg n) is a linear cocbination of the other

vectors, let o -
i

E3%
Thea Az + Agx ¢+

'Only 1f' part

Xt AE P ARy e PRI
...‘.-_:5‘*-... 07,1;_:“-0

Since the coeffictent of x, ¥ 0, the vectors

e tA,

+A

wiXel *

Xy Xp» eee 0 X, 8TC linearly dependent.

If

Xy s Xy oeee s X 'arel‘inearly dependent,

(x +y -~ z)x

Since

+(-kx-y+kz)y +(k2x¢y-kz)z -0.

x+y=-z=a
~kx -y + kz=b
k3x + y - kz = ¢

cannot hold simultaneously.

(a. b, ¢) (xo. Tor zo) #$0, the systen v T

i.e. (E) 1s not solvable.

~CEENE R EE R TEETENTEE I W s —-—

—
i
\
H
§
\
i

teeessscsencsecncreccosnsssvsey

x*}iz
Let }\k#o for s

Then

A = -y + A

Xy bt AR A 1Bl

-'-._’, /\L_J_:n -2

oze k.

3 )\1 , 7\2 ) eee s )\ , wot all zero, such that .

+oet A x ]

s qm el

or

!
LT W AL

*ApXy oot oS t Ak*‘liké-l +o.0t ’\zr‘("

(41) Let X, , X, 4 see » X be k of the vectors which are
0 A, X4y
linearly depeadent, where 1 € 4 £ i, < ...< 1k$ a.
3 u1 s Uy s see s u., , not all zero, such that
I T E T
u if f- i, . :
Let )‘i - i ] 3 . T
0 - . otherwise. -
Then J >'l . AZ s eee s hn , not all zero, such that

Xt AgE t

...*)c)_:__l-,g.

<\ the n given vectors are .linearly depedéent.




{b)

' ajx + by +lcz =0

(1) If |a, b, e, | =0, then the systea -
2 52 S | ae sys e .
183 P39 iso o
r[x#py*ciz-o s Frind R o, oy

o a

(et =0 ’
+‘},3‘r tlede mg T el

has a noan-trivial solucion. (?\1."'7‘2. .X 3).
i.e. 3 Al' AZ' 13. not all zera, such tkat

A Caps 2y 29 #2010 Bye By * Agleps €y €5 = (0,0,0)

Ei v Xy 55 - are linearly dependent.
oy b1 c

(11) If 2, b2 c

1
# 0, then the systea

51 ’ 52 » 53 » X

)\ by (a)(1),
' For any four vectors E (al. 8y, 33). x, = (b, by, B3)s

. . s
X3 " (Cl' <y c3), x, (d;» 4y, d3) in R3,

a, bl cl' .
either a, b2. % B 0
ay b3 —cg - - -
8 % )
“or a, bz <, ¥ 0
U a3 by o L SRSt AN

i "In each case, the four vectors are linearly dependen:r

by (8 (Y aRd (DT T T T

ey RESTRICTED PUBbsci: -

;,A—Sgﬂﬂilpﬁstfﬂfa

4o (g)A (i) Suppose f 1s.injective,

e P £(£(0) = £(0)

.

-

"Since fof = f , for asy T E€X  °

£(x)

fof(x)

6sssenssesssasessesscsotsncrnsnrese

= £(x)

T jeveastecesennainerattetncotcenes

L

i3 surjective.

i.e. £

' Suppose f
For any y € X, let.-y = f(x) - for soce x &x

£(y) = £(£(x))

= fOF(X) sevecccscbecnnsenrcascssanccsannans
= f(x)
= F  eeveecesscieccsascctoanancasncecetaccces
o ] f.e. R ix‘ e
Teeco(41) I, X = ia. b\ , consider f: X-?»X deficed by
©f@a) = E(b) Ra. e IZHIESTT
. ’)"’T L "s,'.v
Clearly fof = £ but ~ - ~
£ 1is neither injective ! ,}~”"
Z < =
nor surjective. .

If X contains cmore than tvo elements; let a, b bte two

istinct elements of X . Consider f defined by

f(a) ~ £(b) = a and i(x) = x for other x € X .
f 15 neither injective nor surjective but it satisfies

fof = £ and £ "is non-counstant.

(b)Y 4XE) 4 0. - -
For any A CE, hoh(A) = h(h(A)) .eevevecencscacrocsnasane
= h(A N B)
= (ANB)NB
= ANB
= B{A) tiveeccncraccescscasennnanns

hoh = h .
If h is injective or surjective, by (a}(1),

R R I R I N N Y RN

L
S+ E = h(EY
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e
e
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T SOLUTIONS — T

"86

-~ - -— ;‘:: :
EENTVLE S 7
— o . la\l@‘:q“yupl"/\‘
_ T TTETESOLUTIONS T T - e
5. (@) (D Puttin : | - .
2 x - 1 “fa (l . x)2114-1 Z cZnﬂ r_'_
v .. t-O T
o 2041 _ z"i »'Cznn
Since :1.62!1-0-1 CZn+l =ot v.
A i anl—_l.’_' '
‘ B omer 1, |
o+l 1 Zn+1
g;} Cosp =727 23?__...--.;..............
— ‘v-L . ,."‘" i ’ o
Y e, ¥ .y - \‘-,1..
() (1 + 0% + 4o -5 (s x)m’“
-~ men : :
E C)nﬂ: r
- r=0 -
for ) 7 L
rm-ng »k £ u»z, the cqefficiepc of xk is cFhm .
On the other hand, ™
(l+x)n(l+_l_)n_(icmxs)(n n I
x S«(} s lé)cr ?)
The coefficient of xk - 5 C':l Cn
=0 kir r )
Hence the resule,

(i) When B tosses n coins, the prcbabiuty :hat he viu

obtain r heads (r - 0, 1, cees n) s )
WLl SRR
e 26 207f L2n :

’ When A and B toss their coins, the probability that

' A will obtain k (' 1€k o+l ) more heads than
. . o+l @ :
R R = S
- 0 .2n+1 zn 221;*'1 'r—_-b , +r T
Y& nti ’K-ﬁf’gﬁ’é Ll el )
B : .ZZn#l otk

(11) The probability that A will obtain more heads

' a+l 7 ’ 7
. 1 2n+1
N than B {is : mcn*»k N/ .(4//)...............
: k=1 2
1 _.,2a
22n+1 2
.1 )

I

s
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(c)

)

$%3 -
S —et
g

ety pl2P™ - (14 o7 1, ( -x)"“]

'ror 0sx sl p22, ) i
1 -x p-—l 1 -x y 2x_,p-1 2x
(l+x) T xand(l+x) S T5x
-1 - x (p-1 2x_p-1 1 -x - 2x -
'(L+x) +<l+x) SL+x+1+x
5 =1
: ) o } .
l.e. (1 - )P Ly (2x)P 1 S(1 fx)p
XN E'(x) €0 and £ 1s decreasing in [0, 1].
£(x)y £(1)
=0
X -1
fee. (1+ 0P+ -0Pe 2P+ )

h'(8) = prsi
A

For

S, h(8) is decreasing ta {0 , 2] and increasiug ta (T ,7].

ﬁh(g)

r)O,

h(0)

Noting that

The inequality is trivial if either z

;. SOLUTIONS ...

f(x) - 2P n.l’) -1 n;y".- (1—-1)1’

. - ._’-,M . 2
n8{(1 + r? - 2rcos@)p - (1 + 12 + 2rcosd)” ]
“h'(9) £ 0 1f x ¢ [0 .I
>
v

aad h'(0)

= h(I) . 6 € [0 TT] .
n(8 +ap =h(0) Foel,
h(6) { h(0) for any 6 €R.

.

1

ifxc[—

or 2z

Tl

2 equals zero.

Without loss bf generality, suppos(? lz [2]z l >0 .

et

1 +

1

‘We shall pro@{l + ﬁp +

1
Z e
Z

-
T

14.&

-

:—--rCLSQ, 0<r$1.

2 - {1 + rc:ts()l2

(1 + rcos8)? + (rsing)?

L+ 12+ 2rcost

Py

1 - %‘Llp = (l+r?+2rcosb
i

n

m

2P e )

A Lo e S e B

1-2!" ¢ 2P7 1(1 +
z' ~

L
)’

1+ 0P+ -0 by ()

JEES

i4
+ (1+r?-2rcos8)®

by '(.A)

EXs

qu,(q -y | oomg  sawy . — ,q“,— —‘— q —

- SOLUTIONS == -

e v——n ooy o b

A e
' (3).,.

Pucting z = X+LY' q - qo+iq1 R 4 "‘itl ’ qon qlv 0, l' e[R'

(t) becones x2+y +(q +1q1 (x+1y)+(,__ +ir )(x—iy)ﬂ - 0 + Oée

[E Ve e 2T

<§ Further the origin lies fnstde (1

If ql try - 9 - - 0 (1} and (11) ( and therafore (*))

_ - 2 _‘ - — _ - A =
t(vlvz - uluz)[z[ +~Ez +Qz + (1 c),(_,-uln vy v. ) 0, P,Q ¢ R. 1
Since ul—GZ ¥ vlcz, t >0, this can be written as

[zl’+pz+q?+-—-—t:1-0

ceretrtticcseesanresrannonenns . 1
TINES .
where z Q0 as 0< t<l, . 1
By (a), this equation has at least two solutionms. 1
5
{ N I R SR "»_:4,,_, 20 RN E T P4
+ . . - < - -
H - - -
T B L A
s e
’ - - A
- i i v ‘/, ”~ c . —_—
! - D). A N
[ S T -
i
) - LRI A
_ - u)\-.n. st 5 - Wi, ",\A ‘_7|
L e S - ST

it
!

Ce. x? + 52+ (qoﬂ-o)x + (tl-ql)y +g =0 .....(1) . 1
(qy+rx + (9g-rg)7 = 0 - (u) . . L
Whs >
W (1) 13 a circle with po 3 "“J ('—‘)

KW I

has’ infinitely many solutions. . ,- B e 1
. 'Oth_evrw"i.s_e (ii) is a straigh: iine thréugh the oriéin e _l -

in:ewr-seccing (1) at.: two 'points. o (*) has 2 sblutiaﬁ_s.' , . 1
(b) [cu +<1 v, ¥,1((e, +zv1)(u *"’1)*‘“ 7)) (U, +2v,)]

/
= (u +zv)(u 4»zvz) .. 1
: 12 o0y 12 2 2 . .
d¥Expanding and ustag }ulll +’u2’ lv],’ +!v } 1, we obt’a’inw 1

e i R o



sowrmxs '

(a) 1

(b) (1) If s(x) divides £(x) and g(x),'
A let f(x) = hl(x)s(x) » 8(x) -"hz(x)s(x) for .so.:e'r
polynoaials hl(x),' hz(x). ) o : ’ -

d (() and d (x) divide each other. let E

4y () = by (x) d (x) "

and d (x) ~'h, (x) d (x) for some polynonials k (x). h (x)-
Then deg dl(x) = deg !:.;l(x) + deg dz(x)_ ) . .,'

= deg b (x) + fteg b, (x) + deg 4, (x))
S deg ‘nl(x) = &eg hz(x) -0 )
'hl(x) =k ¥0 (as d,(x) and d,(x) £.0)

dl‘(X) -k dz(x) .

VN

p(x) = 2(x)€(x) + n(x)g(x)
= [r:(x)hl(x) + n(x)hz(x)IS(x)
t2. g(x) divides p(x) ¥ p(x) ¢ A.

(11) Tet p(x) = a(x)f(x) + n(x)g(x) and suppose p(x){ f(x).

Let f(x) = q(x)p(x) + r(x), where r(x) £ 0 ond
deg r(x) < degz p(x).
Then (x) = £(x) = q(x)p(x)

= £(x) - g(x)[=(x)f(x) + n(x)g(x)]

= Il - q{x)n(x)]f(x) + [-n(X)q(X)]f(X)
TW-gm nongars

r(x

.) € A. {\.m“_%zm

“(Lii)Let dl(x) =3 (x)E(x) + nl(x)g(x) and supposé— dl(x)!} £(x].

Let £(x) = h(x)dj(x) + r(x), where r(x) # 0 and
deg r(x) <. deg dj(x).

Then by (41), =(x) € A.

But deg r(x) <deg dl(x) contradicts the definition

~of dl(x).

dy(x) divides f(x).

Similarly d (x) divides g(x).

and g(x).

S.od (x) is a cox:x:on divisor of f(x)

: and - g(’() ’ :‘} My

"By (1) d;(x) 1sac. c. D. of f(x)

| %f

Z/,fcﬁoéd&

L ,fﬂf*.\'

- ncu ._,-‘..\-"_-'-'“

R
PR b

+ SOLOTIONS — 1w a0

L e) By () 49 (x)f(X)* n (x)g(x) 1s a G-C.D. of £(x) end 8"‘" :

~ &3

Let d(x) be a G.C.D. of £(x) and. g(x).

Since d (x) and d(x) divide each other, by (a), d(x) = de(.x)
' - k=, (x)‘(x) + 8, (g(x) for sose mon zero k-
= 0y ()E(x) + ny(x)g(x), vhere ny(x) = ko (x) -

L 2@ = ey ()




REST R|c1 x:bﬁﬁ[ssz{fr- “

SOLUTIONS -

b
|
t
A
i

_. (a) (i) For 0595%.05:@951.
r Do 0< tannHB < taa"0
S 0g It for n> 0 1 . r : . :
1 1 1 n- 1 l n L -
t e ey R k! h
-1)" - -
x _ : r - ( ; (a - ZII) ----------- sesecssssccecescaan.. i 1 T
r * (11) For o 2 2, I -J‘tann—ZO(aech -1de .. .- 1 o .
0 - o Now I -‘ atanG de . :
1 :
r = r -0 , .
-j“: 0drcand -1 ,. 1 v - : .
o - a0t TeaT ) 71 ARSI - .2
S e WL ITHIX ; .. : r - —f d cos8 - ' !
L cosf
r ' a-t 1T 0 Jp— - |
. tan 684 _ I . . % - i -
= -1 . Te-2 . r = [-1n cosB] .
[ | ’ o
- U SRR :
i n -1 n-2 r =7 ln 2 i cresescssecsresasaaen L
S . G 1)“" . :
r SN S S 1 Iyasl (a, - 1a2) : L
L n n-2 n-1 r ) 1 1 . .
— X € e .
t‘ o | . . From (a)(11l) 702n 727 Lzae1 2(2:‘) - ‘ ; , .
bl > - e e . -
(1if)For n > 2, a-1 Lt In—2 ) * Since both 1linm S S and lia s—=—- equal zero ) .
- . - 2(2n + 2) 2(2 ) at
2 . lgand ne0
~ Zz 21 by (i) -,
. lin 12 " 0 7 ) :
. 1 . 1 A& <0 .
2@ - 1) ¥ttt AR . r i.e. lima_=1n2 ...... Setceeenritrecstcnnansoaanaanane . " 1
r . - e o l 7
) —I
' Further o9 T =Ty * Iy r Yobw s 2Dwn 40~ ! !
r < ZIn ,\ b\ K—D“‘\ T : .
1 DA VN s WA Yoty | ,
Ceeeraeeens ceeeen 1 " ,
r 2(n +1y ™ TerrTnrereeees 7 r ‘ > (o VQ\QES T + ﬂ/\—\% ) | .
i
| ' l
r F ]

v st ol



; Substituting in (E)
Then the given equation can be vri:ten as e - S S x2  (mx + o) ) . o L
. - ; - .- - ‘ e aZ + 5T ".51 [ 3
"‘“‘1““""'“2*-0) -0 SR SR , LT ‘ ]
e e L 1. (b2 + a?m?)x? + 2a%nex + a¥(c? - b)) = 0. - 1
lmzx -(mﬂn )xy+y +(uc+m )x-(C+C +CC - . ’ L :
2 172 2 1 1 z)y 1670 ) For tangeacy, 4a*n2c? = 4a2(c? - b)) (? + a?m?)
Comparing coefficien:s, ve have I 3 B - - .
B ' ' ’ c? -b2 - a2 =0 — - - =1 LT
m,m, - -~z . - : o .
B Y -LA ?‘” C — } uz ‘.__':':.,:,.‘.';"..'.."" 1 - “ 7 Since y = mx + ¢ passaes through Ch, k) — T
(IO\If A+C = o, .‘_‘1. T o )
“. %-n Q‘.bl....-"l. N = » -
2 -o-.von.-..:...o-'-o.o-.-. 1 1 i (k - mh)z - b - & m - o. ) R
(11) If ‘A+c4o0, tan=.4 - (_; 2 Ty i ' R v -
: e s 17 # myoa ) Sl P TR i} 8 - (n? - a?)n? - 2hkm + (k2 -‘b’) =0 1
- el . —(—' + )7 - 61::11:\ e ]‘ . R . . B - .
T (1 *tam)® R ; T ’ If the tangents are perpendfeular = _ = . . - - .
e 2 4A P . - ‘ ! 2 2 - . i h
= E) -c - i k* - b o . 1
e + | e i T T T TS T T YOt v P PPN
(1+42 . ! :
C i h? + R2 = a? + b2
B - dac- ~ i o ‘
TEATCY T reereeceseccenian, 1 Do o, P 1lies on the circle x? + y? = a? + b3 : 1 .
*Note: Candidates may also consider Ax? + Bxy + Cy - 0. - ; ' 6
For C = 0, l
-Case 1 Av €<y P
o o x(/:%i B <o - ! ' * Alternatively -
If B # 0, then the air of straight I{ ; -
' P a%e nes are given by | (b)Y  The pair cf tangents through P(h, k) is .
(y-mx-c)(x-c).o ' 2 2 C 2 2. k -
R S 1 <ﬁr+‘g-—1)<§:+§r-1)-(v*—§-l)’ 2
“@yx* 4 xy - (€] - mC)x = C,y + C,C | 2 2 k2 K2
' A 2 27 66 "0 i ' [-‘;-}'(%r*'l;r— )--h—]xz*f—r(—r*?:—l)-'grlyz
Soom, o m o ! ; 2
! 8 . | ———ritt xy+%;x+§ﬁk-y-(—r+£r) ® 0 teiiessssscsccen 1
X = C, =0 1s a vertical line, i
2 ) .ne - ; ' If the tangents are perpendicular, by (a) (i) and (i1)
Tf A+C=0, then A =0 and therefo =0 ’ B 1 1 ; -
o _ re omp =0 ‘ (sfgz- ) * (gfpr =57 =0 ¢ ceveveniriananald 2
{.e. the two 11 i I . . ; . : -
ot nes intersect at right angles. ...... 1 i - - k% + h? = a? + b2
If A+C¢0, then A ¥ O, - .
' _" ' i .. P(h, k) lies on the circle x2 + y2 = a? + b2 , 1
2 :
tan®e = t_i_mz( ]21. =f3), (where tan[i - ) B _ - : — — . - - .
1 B2 B2 - 4AC . i
- cz - i
O T ATt T (s C = - 0) 1 n _
Case 2 . ' *Note: There are a nuuber of alternative methods used in common textbooks
IfEB = 0 (in vhich case Ad0andA + K4 !‘ 0). :hen boch ) ?, : ' ! . N §
s:raighc lines are Vertical ) ) ‘ B ' ! .

e A e



3.

At :)_, = — =
(&) £10) = 11a (2x* 0P ox 0] 0
LT Ao AX A e
C T S P R LR
sdmentag T 2
=0 teeencneans *teessccstcscccanas
'(a_%xn*'l. x x>0-
f'(x) =1 0 x=0
ai' &t (-x) -- x< 0

(a+2) xM x g mg e T e

- 0 x =0

~(n+2) x" . x, x<E

(a + 2)x"[x] , Vx€R ...

jxn- [x{ dx = = ’1. 3 xu+1- ,x’+c

a a j=1

o | 2a (b 2o '
(b) J [Z c ledxfj Ze ledx ceseccsecccnnes ceseee
y=1 b 3

-z Lfcj““j[ dx

n ¢ b o, b
- J%l ,CZj-ll[a xzj 2 !X, dx + ,czj IJ aXZj dx }
n (e - o1°
= {“%1-1[ EJL,TZJ Al !°sz 7 "ZNL ] """

i 23+1

© ] O e ey e s )

) % (’czi"llﬁl‘ (57 o] - a¥7 a1 + fegg] 7 B - 24

2n Jtl ji
- S b + laf’ -
.—-:>J:f Cj,( 7+ 1 ) _'.’._.-.ﬂ...t...'...."..“"_......-.

B

e

A

v s

“.-

.

H

PR




T“(a) "““I'(a) = z(o + 0)

- If(O))’ ffw
2> £(0) -"1 ~as f(O) * 0

RS -
-..-------'v-o.-.--o----.-

» £(x) 2 £00) -} &8s £ 4g increasing

Nt N

For k = g, R.S. -'rf(x)} =1 =£0-x) -1, s.

' Asstze thag - E(ix) = [f(x)l
B £((k + I)x) = £l + x)
- o (kx) £ (x) -
- [£(x) <41

for some i 2 0.

f(bc) - [f(x)} ¥ fategers k2

(111)Lec 4 o €1 £0) =1 . @Mz/l’ﬂfﬂl[ !

For any non~uegal:ive integer

£) = £(n .1y o /% gt f’? fhzr_

I 4y g

()" (1) ror &Y X 20, let g pe the non-negative "..‘.eber
suchtha*n&x\'n+l.
Then a% g % ¢ utl T L L e (d)

Since £(x)

..................................(I.{)

Since al} quan:icies involved are Positive, (1) anq

a" £(x) !

of x , replacing x by kx , we have

L ¢ fix)
;\(‘a*ors a ¥Fk2>p
! fix) &,
s R e
L 3 ‘
_E\(% Sa ......................’............
a
L £ }
As both lma and Iiz: t equal |
lim‘"(?—
o _ fl.e, f(x) - a,.cmjj x 20 .

"'sonﬁ:rions :

3

.-

(a)

= e e

I:‘e‘t x, y be ‘the cartesian coordinates of P, » tan ﬂ ‘be -

ithe gradient of the curve at l’ S . Ll

‘ X =7 cosd . . - ’ ) .

7=z si.né _ o
%’g‘-- cosgﬁ-rsif}g .

% - singﬁ" T cosf

e tanﬂ'gz ’ '

csecscna
il R Y

sin@ dd—;-'-c-- r-cos@ “’ T

cos@ E - r sind

tanGd—g- nh "“.: T
» _—————————> UM

_dE -'r tan® -......’...........;................

tan ¥ = ctan(g - 9) - o » s .




;' . socorrons.

(1) Substituting r=21n C1 . 2 - 2(1 - cosO)

TR TE W TE T e W W e -m-em -

1

Lomut e Rinms o

. cos8 = 0

=X 3T
8 2 °F 3

-~ the points of intersection are (2, I),'an(i (g'v,zg) .

At O = .'—2'—' , che.:tangent to C, {s psrallel to‘tbe x-axis.

dr-
For Cl Ty } s-..Q

S

S oampei.2.,

dr 2
dg
R -1 .-
The angle between Cl and L‘Z ls-f-tan 1
-
- : 2 3
: ‘ 37
By symetry, the argle betwvean Cl and C2 at 9-—2-
is also%’— R L T T T SR A
;u,=,."’
X

For any poiat (r, 6) cf C1 lying inside ¢

r-2(1-cosg). r< 2

2

S2(1 - cosB) < 2
0 (_cosg
0< 8 2 08 35 €89 2T vrinineeniinrnnnnnn,
Length of C inside a7 -
Ff e (3 )" L, S (E)r e
le( ‘+(—~)2d9 bysyn:::xetry

- J(cos°d: - r sin®)? + (sino'd + r cosB)? o _'

2 f‘ /( _d_ag )2+ 2 49

V Al ternatively
s

Zﬁjlw 81028 +-4( -~ cos€)2 4§ - .

B ke

.From the diagran
PR % 'ar ‘
Rirag

tan ﬁ ?'L‘\o
. L'-l'

ou-c--.oo.o.--...--.ooo-.--

B

e st MR

\ Ag
A tany w ln r &=
. v du9g AT

r

E .. -
()  (11) ds? = (rd9)? + (dr)?

Length of Cl inside C."2 - Ids

dr oa--oo-.ooo.-----..--o--.u---n.n-c-..n.o»o-

e A 4

"“r‘+(§—§)=dc
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7 'soLuTIONS

£(x) = x3 - 3x2 + 6 DooLZ s
£1(x) = 3% = 6x = 3x(x - 2)

f"(x) - 6x-— 6 = 6(x- 1)

’ -1 0 1 2 l '37
£(x) I 0 4 2 (] 4
£7(x) + 0 - 0 +
o £17(x) l - o 1 LT
N \ SO(0, 4) is a maximum point, o T

" S ) i (2, 0) is a oinimum point, ’ .
' and (1, 2) 1s the only point of inflexioa.

. 0 when x ¢ 2
h(x) = £(x~2) » u(x) =

£(x-2) when x 2 2,
Translating- the graph of £(x) (x

“right by 2 units, one obtaing the graph of h(x) for x

! o

r : 1_. f(e2)-wafor
[ _

!

R AN

<% the stationary points are at x = 0 and x=2,

2 0) horizontally to the

2 2,

e

jz e £(z-2) dx

=[5t f<c> i - -
- 2 f -3 0y de L

Now J te” d: - ~ta -t +fe-tdt

==t + e v .
= =(t2+ 2+ 2)e b 4 o

f:’e-td: - -t Jf tZe de

--(t’+3c’+6c+6)e +c

-..-.c.oo.n--..u--..-.--o-.o..-.-.--.-.-

T e2e e = “e2e7t % 2jte_tdt ' T

.

SR S [(t’+3c’+6c+6)-3(:’+2:+2)+4]I o-2 1
: ~ et (e 4 g
~2(e(a- 2)((:1-2)’ oIS
._~ -_— T
3y L Hospical's rule, L’w PR LT = -
e? 3e2 6t 6 K
) tl;i:g!?- - },15‘,‘?: ~ l,ifle—‘.- el*im-- 0 teertenttantnnnnss
CUa T e e n D L gys gy D), - 1lin 4]
L2 o Ny x> Noco RYx
-2
= 4o

= i e s



A

A SRR WM"‘A?@»: =
RESIKILI: i{;

s OLUTIONS

XFEY+z2-1="0 canbe ﬁ'ritten as -

(x, 7, 2) - (L 13 1) -1 ,.77 L | v

/ Lt i A (R :-«__v : -. SRR DE . ) e j i 3 . ] = -
‘ e .'...-...............-..(2) I DT . -' —_ By (a)(11), L—m&&l%ﬁth posit{on '
Pucti_ng“(AZ) in (15 @+ '55- ne-p 7 b

vector T - p + E‘ » vhere @' = (1, 1,1) 1

- . ) [’ =5 tereeiens
— Y E = N . 3
t(bsn) = - &a+q ﬂ!,_, < - ! ' Since M 13 the nid-point of Pp! , - .-
L= a | ; Y R : - ‘
¢ LE ; : (b Bfo0 d ' " P! is glven by , o ‘P/;E =P\ ) - * -
- 1 in:erseccs T 2% rhe point vit:h position vect ’ . o 7 '

S . P~ 2R - P T LT T
1 S : - . :

o

2(1-(*4-/"*3)) 3 o )
(e, 8, 0) { (LD L pjl_, L 1) ... 1

W "W --m —m

" - - a
(11) Let the position vector of RO be T, - xoi.+ yoj + zok .

i oo The equation of the line pugh Ro and perpendicular to| - : N
,.-::\. PN . e e - T, ) L . .. . .
A . T 1s r-ro+:n

;i.e.. the coordinates of p!

@

are given by
» €R Sttt ectctettectnccancnn 2 . X = X +3 (1 == - {;~r )_, i : Ty
By (1), the position vector of the foot of the ' Caﬁdxdgce'

. 2 -,
- A take [ 7 y-ﬁ*-—(l-d—ﬂ-}/)
Ny, .0

pery e*dicularfrom Ry to T is r0+"-—|;-—n—-n; 1 r ' } z-3'+—(1..~-[5 Yy '

Perrsesetiiaiineaa(3) l‘ 1
%/ . R : TNow L : - xl-l' L—-—J-— can be written as
4: T}.’-R*'“tb

x* Ro (X"/ ld°'%°) |

AN

. .r'- (1, 2, 3) + e(L, 2, 3) B 1
‘%f P(o(/,)') liesoni,Ad-lft, . -

po=2+ 2e

O Y =3+ 3¢

Substituting in (3)
I O R 1 R

F ' _ y-!2+2c)+§(-5-6c)--

—2t—3-3t)--%-3t

b

- 2t

Wl Wl o

z -(3+3c)+33<-s—5c) --

-« the locus of p! is f,': h,l',

t

7 4 1
(or T ('3»‘3»"3)*5(:%,2»'1) ’ CGR].

me R TR e TERETTeE e e e e e

]
f
|

P —



[ #=-SOLUTIONS .=

\_,_\_
Ifx- a,

MRS
/\x+(1'-7\)a-x

X F'(a) =0 -.

ST USAYA Aw 4(-A )k a £

¥ 'x<a, Ax+(1-;}\)a)x

> F'(x) 20

(as0 < AC 1) ~ U

Stallarly, ¥ x>a, pr(x <o. -

F(x) attains i&s;;eafe‘;é value at X = a,

C () (1) By (a), F(X) F(a)

Mol | P

- 8(7\a+ (- Ada) - /\g(a) - (l -f\
=0 eeen... LAth=) ceeien
et ~ [ AL s
Form = 2, let ) =

7*1 L =2 = A » We have froa (a)

EREE TR TR SR R »Zs<x2>{</o »

i.e, g(hx A sz) /\lg(x) + /\zg(xz)

Suppose the given statement i{s true for: 2¢ <k
Let 7\1 + 7\2 ol + Ak~1 =), /_/§ =/3L
x-%(?\lx1+,\2x2+...* .
‘Then g(A X * hzxz o, + )\kﬁ()
Tmg(Ax + (1 - M%)
VE 2800+ (1 -A)g0ey)

N N Ager
'/\g(j\ixlirlxi- AL

A T2 T PR ) L =M)e0q)
CABOD * Ag8le) ¢ v dy e, )+ A s(e)

.

the statement {s true for u=k and hence ¥ o 3 2
(11) Let g(\:) - e » which 1s differenciable and
g'(x) = " 15 increasing,

For any positive numbers a, 2y, :... L)
Xt »

let ai-e (11 ¢ m

Then by (1),
C 1P A X e ¢ A X - .
4:.°M,( TRt '"5 ,\l.hx’j#-, hzex‘ +
Mo A :

1.e. &' g,

as g' is _increasing  seeeccecccacnns .

’\k-lxk-l) ..... ccecsnnaa

A A I R

)x(a)

eee

)

9.~ d)l’or aty x €[ -

o ’%’/‘éfﬁ'é ,
S0 (1) G(x) e 2E(x) T ¥ £1(x)? L

(c)

f(x) - f(x) - f(O)
- f'(:) d:

o
'.-.---o.o.---o-.oo.-

f f (x) d: as f' Vio L ”
0 U"MA;“?
= x f’(x) 3@#@................... . .3

..}“)) ;1&) ve e[et

2 2500 [ £ (x)l
2 26000€" ()

as f'(x) 2 0.

1
(14) F(x) = £(x) [x? + £(x)? o
P10 = 0T TG+ L0 £ \2__)_(7‘ +x2f:‘f::.<)!§
o XE0X) #x3Ex) 2f(x)’f () o L
TS e )1 T e saeiee 1
F'(x)]? = (G(x)]?
o X2EC) 2ext g (x)"fdf(x) £'(x)3+2x3 f(%)f'(x)%xf(x) f'(x)+6x=f(x)’f'(:<)2 ]
Coxt 4 f(x) 7 .
S AER (L + £r(x)2) o
v ryroned +é(x) [—3_Xz_fg§)’*x‘gv(ﬂ2+2@Pf(x)ﬂ\(X)*4@f(x)’Q’«(x)-&f(x)‘]
! 2 2 2 2 2 - 1
(=3x2£(x)? + x2£(x)? + 2x?F(x)2 + 4E(x)? f(X) 4f(x) ]
x2+E (x) Z - — -
fod xfy
-0 (as 0 € £(x)< xf' (X)), eeunn.. S r ettt teteneana, 1
{1 From (a) £'(x) 2 0, % F'(x) 20 as all quantitfies
involved are non-negative.
COF) 2600 weved e cevenn 1
- -5
S = 2m fg'f(x) L+ (x)Pdx ..... e, - 2
- {2 et dx( (o>&\‘<\0f@ Foo $600)
2w J FO)E (x)dx £ 5 & JO F'(x)dx viivuun.... cees
‘h‘ff(x)zlo £s € T[F(x)]o
TIE@I* S S TE0) [a¥ + (F@TF vvvnrvvneenn veeeees L
o 5

.

i o RS K0

i S Bl ot



