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_\— SOLUTIONS
(a)—"—(i) Let lima = f.
Ne»ro N
Then 1im a
nsoo N+p
* 1im (a + a
A -»oo . . . -
lim a_ "+ lim a ...:n._:.-:.‘........................ .... 2 -
L nee NP -
=20 ) )
(11) Consider the sequence{cn\ défiﬁ;d by -cn = =D".  The 2
sequence whose nth term is ch_? Sl is the conv;rgent T
sequence 0, 0, 0, ) - ~'butt'>’;':;’1'itself”is_divergent'.'" T 2"
' T
(b) sinée }_'1’2 (an + anﬂ) = A . and lin (0. B ,n+2.) v .
Mala, +a )+ (a )1~A+s.ﬁ.: ......... T I
Ny n+ 2 -
-B = lim (a_ # g TE) e T T CoE
v Hm (e v ey .33‘2, (‘"n S
=A . el cedecettemaciaasnas O S
el ldm (2 a } exists ond cquals B ... B A "1
LY ) n . . oo s - . :
lima =2 Ceheeenea. D S teeseteccenenn 1
Raay N 2 .
Fgr:her, A= %_:!;g (an + an”) L o e -
= lima_ + 1im a
- Ny n Nneey N
L T A e e, . 2
7
B :

'
"

B _Jomn e N

e 3 - 2y ey

l(al—az) (az-aaj (as-al)l + I (az—él) (as—az

>0 as a

L @ s a3 are distinct, -

(E) has a unique solution.

(ii)

e,

) Grgay e Lu";
(a)7=-a 2)("25:‘,-.4"3_).----'4,0_‘6‘ i29()' dkf?ﬂd)'""
. ~.a e .’I. ) l

{
S
i -

SRESIEED R

[(aI 3,) (a, -a) + (al 2)(a -a3) - (a,- 3,) (a, -a,)]
=5 (3 - a)(a, - a)) 1. ORIV @[(c/,ng) .....
‘.only x_ = 0Q . J

1
i

Similarly, 4f 2, > a > a where { ,'m, n is anv other

permutation of 1, 2,
_ x =0 butx’-xn#O

3, we have

m e

m

T PR T S

3.4 l
. 1
o

1

1
1
-5




- — i o el
- P R oL
s T R i50LUTIONS )
I = - - - SOLUTIONS
(b) " “Assume’ for contrndict ca \:hat B - - - —
- % A1 _ A -z L 1e R R o - _ K
Let a; = a “Then the svstem (E) becones L - - - ’ Il o (xra) (xra ) {x+a,) = x+a, x+a, & "t X*a, - N ST
l , R Ia' —”a Ix . b : . . - ) T ) - Combining the partial fractions of the R.S., the . - R ‘:
| A 1 3173 71 . ] . - : numerator {s R .
> . - . 4
l' Ial - 33|x3 - b, R T IR P I | ~’ : Cl(x*az') (x+aJ) (x*an) . ‘4-"_‘c2“'(x+arl)rv(x+§3) T ;:'(;‘:an) T ) ) g; -
-~ - a i L 2 . .. :
‘} lay = ajlx; + [agy - a)]x, by - oo e (%3 (xba) L. (xea ) :
. . n - 2 n-1 :
f-this system is consistenr ¢ vations imply . - ) - ) -1 :
‘I. be s n £, £ Ply . ' (c) + €t et ) X0+ (terms of degree < n-1) ..... 2 '
| 1 .
I A contradkting‘tmttha\tb]'\b » by are all distinct  3ince £(x) 1is a polynomial of degree < n~1,- ... ........... ... 1 “ x
<~ (E) 1is not consistent. B : 2 - - - Q,* ] i
| , A, ,, B AL S poitoy todduleks, , !
Similarly 4f a, = a_ or a . (E) cannot be consistent. 1 Wi px+q . b ba ba 4 .
I ! > 2 3 ’ L“H (x*a),(x+a+1)(x+a+2) X+a * X+a+} * x+a+2 ' i
<< (E) 1is consistent only if a 2, ar ForN > 3 ) '
y-) A 23 . g , ' !
I all dis 7W5‘0/ b‘f )zot %ﬁr@@t . : P N N . . Do T S ) g
. K S ) b b . b e .o ]
R F - O _ba :
itiong - , Z. (k) kZl T él k*afl.’.vlg‘ Toasd trcreereeeneeneens | 1
I.c) If a) = a, = a, (ic -matrix of (E)=is the zero matrix. : r k=1 - - - !
T ’ . e ‘o - b b " ba ks b X . )
(E) is consistent iff by 2. by = 0., . o 2 o - :( 1+a N Z’ k+a .-, + 2+a Teasl. Z.ﬁ—k*; )RR B :
e R . C ~ N L :
I ~ in which case the whole space R® is the solution set. . N : 3 + [ b by N by . . o i
. : = - N*a*l N+a+2 L e 1 . w -
- . k=3 ke -
. o o ) _3 4 e Ditba  bosby b3 b;"-’+o; e
I i et e e e T . . . L - o B ' 1“‘3 2+a + N+a+] + h+a+? + Z. Pre .............’.,., . 2 :
. i . . ¢ i
' ) - o o 1 he, lfst ter"x vanishes since px+q 1s eof degree 1 and therefore i
. : 1 . b by, b (5
Ia , C : @L‘(2P+l)(2k+3)(2k+5) T Y 7w Y 3 '
I= b (2k+3)(2k+5) + b (2/*1)(21&5) + ::3(2!(*1)(2':(43) ......... 1

| ) - ’ Putk = - 5, 1-b1<4)(4).-%b -

- - O -
Lk 3% by -4 by =%
1

B VI

1
(2D (2ke3) (20+5) © 3 T
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1 1
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1
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P . . SOLUTIONS . . . T P P e
'y T ' “ee’ o SOLUTIONS
ha) (1) lLet xl < x2 . For any. y » Q). . ]
1 J— . , 1 .
; y € f[)(l] ¥ y = £(x) for some x €& )(l Only £’ part ) .
l 5y = £(x) for some—x-€ - \: N ' L . be surjective and.let Y, . YZC B - . :
i T -1 Y . PR ety - — . B _ . !
' 7y € £iX,) _ ' se. £y e ) . For any ¥ %) letTy = £y ' Y\
. . 1 - -
. - for some x €A . i X
! I IR {69 TR L 2 B o e e
' _ (1) Let ¥, €Y, . For any x , ) v g e 1 x 2 :
' _ ; : . > yev Y : : ‘
i x Cf 1(‘11] y )€Y @ @ ' , yEY,. PC Y, e 2 . i:
' ' - 'If' part e e - . oo ’ J
' 7 f(x) €Y, q - ' i
5 x €& f_l[Yzl » _ g By ¥y = E(A] ; 1 lil
') R SLI T 70 I=10 el 02 D SO SO PR PP ieaaens |2 2 o _ Then REARES . L L
" B iy AN I
' (b) 'Only if' part. o . 2 ! 2] .

s = s o v i
| Let f be injective and let "xl N XZ A s t *«:‘ ’ a e l ? Yl < Y . ;
' £0X)) C £[X,] - Fot any xex v Y D --? B C £A]. i

CF ' . - = . o : =
i £(x) & £[X l] > £(x) e_:nle : o ' S0 f ds surjective. L..lloeiiiielieecdieneiieneienens N 2 :
' > x € X, since f_d1s injectives ©2 Explanation 5 §
o oy oCox 2 . -} necessary.
! 1 2 Alcernﬂtive Soluticn: : R . '
' - '1£' part. ) ' 'IE' part.
; For any .. 14‘ & A, suppose f(xl) = f( ................. B ! o Suppose £ 1is not surjective. S ' . .
= 1 = % X A
' Let X, gx“, X, {7.21; . Then f[X] € f[Azl and £(X,] ¢ £[X] . 3 YEB .60 YA LA teee e e 1
! .
'v, X =%, te. =% 7 Let ¥, = B, ¥, = B\{y]
Henem £ 45 10JCCTIVE.  ueenmnnnnnnnnsnsnsssnnssnnsnssseceses ; ' Then £ (1€ 1L, bUE 1Y, + eeeieeeee e )
' Alt. Solution: \l ’
| _
' '"If' part. We shall show by contradiction that the given statement \‘ .
i is not true. Suppose [ is not injective. 2 x, y € A s.t. s ' - ) 7 !
" £(x) = £(y) BUt x N ¥ ceecnrnrnsciinnaeeaoienenn 1 ] |
i . - - . 2 ’ ' _—
| Take X, =[x, 7). X, ={x} . Them E(X,1C£X,) bue X, &%, ! !
- | :
' B ' - . ' . - S
v , |
ol B . :
] - - IR T P
) - -
i

o eenm e




[ T T Dk IR el N B g S
RES ! . Y e caaltlnd
SOLUTIONS oo o mime g o et o 35| s | tghd SOLUTTONS ) A _
. k . . ) —_ _1 R 7 . - ==
= - + k-1 S (b) (111)By (1i), A - ¢ > 2= - - :
Let f(x) = x kx ’b ‘ )By (ii) s - (An—l -G ...................;I 1
£ (x) = k(T - D) = : a e vl 3ol .
<o 4f 0&x<1 T . ST ' 2 (o) L (D) : - B
{ =0 Tx=1 ’ - - I TCS) N T B Bt
>0 x > l H =0 ...... i
' -------- (%) ... 1
£(x) has an absolute minimum at x = 1 « ceeceecneceesnee 2 : AL 26
But (1) = ' Next, 1f a) =a) = ... = 3, =.a, then both'A , G equal a. 1, ;
: . 1
. xk —kx + k=120 .iiiieiiiiiiiiniasieiistirodieneens 1 ' ! Conversely, 1f A= G - then all equalities in (***) hold.. | .. ;
fie. X 4 k=12 Kkx aennn. *) ! ' By (a), this is true 1ff x = 2™ . 3 i
: ' Gy ™ L, e 1
' The equality holds 1ff x = 1. ..... tenesesacses ceseeenseeasens :__ : l.e. (aja, ... an)n = (a az oo @y l)m'
: I oot A ./ \ B ' :
1 o . o
14 a_ = (a eee a ) (1 >
= . . . K - oo, 12 n— < m'§n).
Cn y (cm) MR Lo e . - L . 27 2 ! b
) (i)( - - : : ' " a, = (a,a,) -
BN CHR) L SR A,,, ﬁ‘};\;an : 37 %) ey
B oa '“/xv'€J4~*(l x- ?C)v "——'(2' .- i Z‘Il. : b
i=1 74 . N . Hanze 2 = 3 = . -2
=-;:T———————"' gﬁz\ - n n-1 .. R R I AN 1
((Dx ai) Gy Ah‘\ -+= —L : Q"‘ ) 10
- - =t —
Q*\*DAma.’rm tont Qg O S i
= 20 - - .
G-y 425/// C '(E>
oAm - (2=DAna ERY s 2 ' . - i
’ = —_—————Gn—[ ......... (**) B |
(14) pu:cingx=g" in (%), form =2, 3, ..., M,

\.

¢ R O L SIS 3

Gomoi

By (*%), ——“—‘GL:’“I—Q-—‘—L . (m-1) 2 m(°: ) e 1

m(:‘\n - Cm) + (:—l)(GB_‘ - A Y20

,\
O,

2

G

T,.fl —
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SOLUTTONS - - = N e
e e . K .r--lf-..*'. Y& M—— 3 = - L
F é(n)i For r = 0 or I, the statement is trivially true.  ..... S A S For any a, b ¢ R, (ax A&Y ék9 nd :
: : . . B, o . an
*  Consider ¢ 21 . ‘ ' I S AaX + bY) = AlaX) + A(bY)
' 5 JROeD o kerst ok o o b e . o
(1) When k 2>, -P-r(k), e =C . - : R Y = an + bAY
which 1s an integer. .......ccciiiciena.... tecsrcecnaes <. 1 1.4 . . = Ak -y . *
~ : S I | I X vy 1
< - - co - - . . — L
(11) When 0 < k < Pr(k) 0 sirce (x -%) .- = ; =KX s by) L
! ' - . S o _ ot . . T e 1
is a factor of Pr(k)' PN PO 1 . , F : -~ aX*bYEH, . .
(11i)When k <0, putting k = - { o [ U p, - Similarly for 1 = 2.~ N ) ) . ~ ) .
LD s (A x - 1) t l+r-1 = - D E—
' ?_(k) = - DT, F (11) Obvioysly o MM, L
which 15 also an fNteger. .........e..... ' 1 p If AX =g an e e 1
_ . | = . ul— 2 KT and A gx
.$' Pﬂh);Cg - - %F- : kxskx:(k X - e A
i (b) Let 0 <uo<n. S - " s 2 - )x.o .
P = BgPy(@) + P (o) ¢ ¥ B ) ¢ TR e R e T S BN S
: w3 For . mairo IR U ') B
' - By (a) P (m) = 0. for o <r- and P (m) = C - for -m2 T = R L RIPTI )
o T (b) For any X €, _
S P(@) = anCp 51‘,J.£§£; S b (A -kDxey _ »
' (*2"‘% ) ’ and A[(A - DX) = (42 -
_ hile = =or - BEERLLEERE P10 & -
If Ag v 2 are integers uhi-l_ a, i.? not, 2 "2“) SERER ... AZ'(’#(+/£L)M
P(m) = (2,C : + alCl 'lc:_";") + '5,:c"an'nbt_b_emiaﬁh—ﬁfégé?.' = (k, A -k k. I)\ e . o . ' Rt
c = ! Y - —
I (1) Flrst ay = P(0) is an integer. Assume for_gontradiction o ] k (A - BOXD 1 A'-*\A-)ﬁj\
- N A_— € o A2
i that a0 e IR an are not all intepers. Let = -( . kZI)x Hl K
. Similarly A~ -
l be the least suffix such that a_ 1s not ar integer \)R(‘_kll)’\ € 52
Lo (0.< o <n). By che above result, P(m) cannct be an (¢) For any X €M, by (v) @
I integer, which contradicts the given conditions. ........ - 3
‘ nteg T g (A k,I)x € M, and (A/r— k 1)\( e M, g//(/;
, :
n By (a)/ x =< ! = -
I (1) P = & a P (k) , iy ko D9ew Vana
r=0 af—2l  °
| R T O T

and ,\;lox T

Since a, , a, , ... , a_ are integers by b(i{), and P_(k) !
’l 0 1 n . r 2 kv‘kz(A—kI)‘*'k\(ﬂ-kI)x

are i:tege‘rs by (a), F(k) is therefore an integer for all k.

o x(x - 1)

(¢) Let Qx) = Pz(x)

e M e M

Sew 2
- X' e - x -
X G - xpe M2 by ) (D). -

3 Q(k) 1is an integer ¥ k by (a), but the coefficients of Q(x) are
X ey =yt _
17X T X =% =0 by (1)

l.e. . X = x° = y!
II'XZ. X2

-+ not all integral.' i Mot esbeseaesescceancessssceracacacannnaion

,—
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I B SOLUTIONS R — IR e _AULUTILONS - - - I
B(a) We shall prove che fzrs~ part by induction. The case where = ks f . . ‘ - R . R
' n =17 {s trivial. ) T T, - i g P - , " (mip'cn_p F ( 3 C‘: xr) ] L . SERE
. N . - “am - m=P (14w = T . - — T —_— et
_— Assume that g(kx) = kg(x) for some integer. k > 1. . - e B 'a) (1) (%) ¢ . =0 - !10. . : :
'» Then g((k+1)x) = g(kx + x) - T . 1 - - ’ o= T '
[ = glkx) .+ g(x) - : ! 4 o mip P ™ iiiiieeianeeanne ) :
: = kg(x) + g(x) ’ ’ | ’ ’ efficient of x = s T ms -
- i The ¢oO s=0 -
!» (k+1)g(x) ; ‘
' Hence g(nx) = ng(x) ¥an2l. ...... ceeeaas Ceeeenenna. 2 i ! S mp = -
! ) - N ' ' = Z.- cm-—r cl’
' Next assume for ccntradition that g(x) # 0. . ’ i TR - - T T
.. Let lg(xo)l =b 20 for some x,€ R i ..i.ieoe..l....... 1 o
! __ Sinfce is bounded on R, 1e:-.;g(x) SH v x e R and S P T L aieieiieneeaneee
let n be an integer greater than <© . ,...i.......... cosnens 1 ‘i - Z: P T
_Then | g(nx, )1 = Ing(xp)l b o y LA
0 . B 2om-p czu!_P~ -------- -
o : e £ x® 4n (1+%) s Ggr 2o -
,— . =n| 8(x0)l T ¢ ’ S But the coefficient of ' ; PR ’
. ( k - F ,g(xo)l ) — 1 g Hence the. Tesult. .
. . =M, - ’ - T e ’ “ ' —— e e e e B — -
4 . Il .. B o ST T - ‘
| - which contradicts the boundedness of g 1. ; (1) 2 x(C] ™2 = 2 (r)(C )(C ) ot I S R
' ooglx) s L el . 5 - i ’ B P e L
.. . . SR —_— ) .
(6) (1) For any x, y e, ' e OPPPPPPPPPPE A R S
' hixdy) = f(x+y) - 228 —-lx+y) Tmem T ‘ = - - \ cen 1
- TETL  frea (1) (B R 1) eeeeenesen
. =f(x)+f(y)-—‘—a(—a)—x-—£—(:—)—y ' =n- G P )
' =hG) +h(Y) e 2 T oo, ) 2 (C:—l)z
N2 = -
{ " h o is additive. Zo LA S
. r=
' Let £ be bounded by M on {0, a). : '
£(a) ‘ . EX;l @y
: For any x € [0, a], In(x)] = |£ex) - == x | ' ' =m = r
) . . T= \
e I
'r Speeal s 152 LI Y rom (1) (p 2 O) e L
‘ - ; : . = Gy
Sleeol + e ' ‘
' <2 : -
1 . N
: <~ h is bounded on [0, al. e 2 i ’
? (1i) For any «x ¢ R, h(x *7;)‘ = h(x) + h(a) 7
. = h(o + fa) - 22, ' ’
r = h(x) eelee ol 1 i
[ - : - . i
Next for any x € R, since h is periodic of period a R ; ' )
let y be in—[0, a] such that hi(x) = h{y). ........ P 1 :
) S iheol = i)l € 2m Lby (o T ! ’ .
' h 1is bounded on R . .....:......... Ceereeean e 1 | - - o -
’ (111)As h 1s additive and boun;ied on R , by (a) ' B
el aes ,
F h(x) 20, te. £ =L@y e 2_° - T T e
§ - S a —— e
{ [ - -
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SOLUTIONS .

(b) -Suppose ba D

PPN ag A contains r (0 < r< i - o e o ]

z .dravn from each bag, the probabui:))' :}:uc palls- " If aball {s
colour is

at they have the same &

I.mr o, wer, T
Qa m noon s » : .
2r(m~r) ¢ -
o .---..--'.--os-.-..p---s--.----‘- . ' §
: et eeeitenena.

If n balls are sele t o
E cted at random and ut 1
t
pr;obabili,cy that bag A contains r whitz balI;soi:aCh b8 the.

m m -
c -
2o e L LT T e

2m

C:; o S "fi;v

~ey L the probabilit 't ¢ w0 bal. LT R
" y that :
o~ the same cclour is the tuo b?}ls subs:equetntly drawn ‘have

o .
(&
2m

C
=}

Zr(m'-'r)’b e
soim)

The required Probatility is

Z _7;_ . rl{a-r)

r=0 c*° o
o

2 n R -
{ i< ’ :
5L

r=0 r=0

=

C21:
o

2
Zm[c. - C i

m

(2=-1)! (2m =2)1
EONCR DI Fr sy | -

. 2(meh)?

(22)!

- B B B OeYE R Em E e
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i
|
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Thg.CangEﬂtsLto (E)-;;ﬁ}_;h

d°Q"a
cos @ x;* si: 9 y ~p T
'c08’P | sin g
TSty 0

Coordingtes

- cos f)
sin (¢ = 8)

The tangents ¢o (X) at and N are

X cos 9+ y sin 6 = 4

X cos P+ y gqn £ = a Sl UE

The Coordinates of R are

X = a(sin p - anTOf o -
sin 8 cos ¢ = cos @ s{n g

(vhich coyle alse
pare)

‘8 o2 coordinates of T in
» 22(cos5 9 - cos gy2
b sin®(g = s)

* sin?¢ - 2g4na a4

= 2sin?(g - 8)

P -0) = sin?(g - e)

feos(p - ) - 1) =9
"~ cos(g - 8) =0 as o

(11) Squaring ang adding

2 a ’ 2 2 §
x? 4 a2 o aisin g sin @) + 37(cos 0 - cog §)2
sin~(y 2 Q)

sin’p + 5:

nig - 2sinCsing + cos?G +

si g -9
- 252 {1 - cos(5 - 0)] . e - !

sin= (3 -g)

= 2a? Since cos(5 - g) =0

.

R moves on 2 circle wich

¢

radfus a f2

(Note:

y - a{cos 9 - cosTP)y T - =T
sin P cos @ = cos § sin g -

be obtatneqd by putcing.b = 2 in the firge

(F)D

ird + cos?g o cos?9 - 2

and ¢ are distince

the coordinates of R,

sin“(9 - g)

of Tvaie%:”

= 2

<cosPcosO

cos

g - 2cosBcos@

SRS

e L e e e R e e i S B L G T L e D i) -
” . = - R iival ol -
RESTRICT EDY-WIX_IQB)L{T' ._
B ,x.s._:. i :_..“—, «‘: LIRS T ‘:_{_‘85
(a),_—The'—d‘ireq o;rn‘ﬁ betE of 3 Ilne nEEEEIiE_o T-are A B €Ll -
: ;Ifgghisvriné:pussés through P, its equations are _ _ ; ¢ R
— + Ac-
- oo . - - e = I
g Y=y, f Be wer ..oy LT ;‘.., 1
- I N .
L 2" % f Ct 7 P9§a¥
Substituting'taT ,
¥ A(xo+1}t)+B(y0+Bc)*C(zo+Ct)+D-0‘. .......... 1 Al
“AXg * Bygt Czg + D+ (AT 4 B2 4 C2)pm g ]
AXo + By, + C2,+ D 1
T L = ST S
L
Putting this valye of t in (*), we obtain the coordinates of Q.
- (b)-- The -direction numbers of f ‘are’p, q, r. L e,
The acute qnglgwp_pegqgguml_and_the normal to ¥ 1s given by -
TR :‘g o lAp + Bq + cr | ) )
C?S ) JA’*BZ*‘CTJPI*QZW ........'.-..-.......-
<. the angle  between L and T 15 given by
-\
g ™ -1 I 2p + Pg s cr| . 2 w2k~
#=7-0=3-cos VAT BT T T T e o e |1 3.
__i;_ o0& T
. _ 121 1%
(¢) ‘Substituting the ébordinates'of a point on’f)lnto T e, 1
A(a*tp);’B(b*tq)+C(c4tr)*D=0 :
(Aa + Bb + Cc + D)+ @psBarcee=0 ... 1
1 lies on M {f and only 1f the above equation holds for
Abreal e TTTIOD holds for 1
il.e. A3 + Bb + Cc+pa=o -
. R R T 2
S
-{Note: Candidates Ray use vectors {n their solution.)
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(or putting x =

r=qtt . g=1tt
. _'__3 't‘?‘"““>t=c

ln.(l - x) =J idu I VY B ¢
' 1 v du = ~gt
__J‘( |~X:|-[~ ] t=i~t
o L-¢dt R Y
._x_ﬁ_ﬁ_ xn x n
2 3 TR T -¢cde ...,

T U In the firg; result)

“'Putting n

"ln(.l e

T+x

= In (1 +

2 .
=W(2k* 3)................ teesesanan
The result follows.
Putting x = L , T L
2
L, lda 11 Tl L02kel. 8 1 1.2k+3
0¢1ln 3 - 2[? + E(E/ + 5(2) oot 2k¢1(2) ]5 3 2k+3 2)
8 1 1,2k+3
As ;J;:E w3 (? - ) Tttt
o~dused }1&"&?‘{ 11,5 L1 2kel
P SN % N 1 4.1 R Y + -
fim’ (1n 35 - 2 + 3(3)7 + (3 et ST ) ] =0
! 1.1 1.1.5 1 1,2k+1
1<+ 223 4 Sl — (L ..
}i,mm 5+ 3(2) + 5(2) + Thel (2) "] exists and




R W W GBS R .. .
—— - S-SR WY
RS TTEERTTTESR e -‘ i ‘ '

DD

il ‘ﬁDT\J"’db ‘C‘Ff—

( ~-r sinﬁ -r cosﬂ)

L. - B
.. the locus of Q is given by U

- - x-rﬂ—rsinﬂ
’ y=r—rcos¢ ) 0s@g<2v7

i.e. the locus of P 1s given by.

. {y=r(cosﬂ—1). 0Sg a2y,

VWhen P reaches PL' the value of § =7 .

(®) dx = £(l - cos p) dg K

T dy - sin
dx 1 -~ cos @

dy = -r sin § d¢

(1l - cos §) af
Qs 2gr(cos Ds —--cos @)~ - .

T 9 - ]
.F ’._-_s&___o 0 i,
8 jglcos € ~ cos

;0
2sin 2

w
'
-~
[
n
()
b

s 2 : 2

=5 = 1) = (2ces?: - 1)

2
20 g
CS cos‘—z - cos’i
cos g "
=2 Ji [ - sia l—+
J8 A2
cos =5 05

- T

which is independent of Gs

‘-

N . T Y e

ce - . - Teme

The coordinates of Q uith respect to the centre arce

'lagfgﬂmPAwiwﬂ-
X =10 -sinp) = &

R LRI

S,

.

=
i '
L
|
e

-

-

tyel D ki .’\JL i J_U

'SoLuTIONS

+ n noo- -
2 l+x )(x +‘x2) Z

= " (020 - 2F l(c) S
,,H(t) = 2F (c) - F l(c) o

Now _F(e) - — (X 2 x,) -tt i3 a polynomial in t. of degtee 1°7 ¢

and with leading coefficient 1- e

n, assume tha: F (t) is a polynomial in ¢t of degree k and with

" leading coefficient Zk-l T . o

Then F 1(t) - 2:1-‘ (c) - F (t) is also a polynonial in t of

_degree (n + l). Furthet the leading coefficient of ﬁL T
d n”(t) =2x2 " 2", The result follows bv ‘nduction{f #
. .- - 6.
b) As -1 € tsl,ue x:aj let c059= N T RO teeesneenn 21
F(t) =] = cos 0, F (t) = t. = cos[cos ~1t). tee ettt 1
Assune that F (c) = cos{k cos- c], where.0 € & fSn,n 2.
Fn‘,\:‘ =2t F (t) - Fo_ (0
= 2 cos 6 cos n@ - cos (n - 1)@
B = 2 cos 6 cos.nf -~ cos 08 cos B - sin ng sin @
= cos(n + 1)@
= cos[(n + l)cos-lt]
-

= Fn(t) = cosln cos™! t] ¥ n>o

o

J

-

F (cos @) F (cos 8)de =J' cos of cos nb <o

0 o]

= %I {cos(m + n)g + cos(a - a)pB} do
0

% [sin(r‘wn)g sin(z-n)e ,

p— P Jo ifrz#n
_ hid
=1l e] ifm=n=9
0
1 i w
7[31@2& 9] ffa=n>0
m+n 0
S M
T M menag Il
R i N
r\v—ﬁ—v—r\‘lA——"-'\

o 4l oty




© SOLUTiuws

rnacive Solution A o
.+
5(3) Solving x* - 2tx + 1 = 0, 'x = 2t J4e? - 4

=

4

;

|
.

=t %o

, where o¢ =

— t? -1
Letxl-t+o<,x2-t—;o(- -
n+l(c) 2t Fn(t) + En_l(:)
=% [ o)™ s (o)™ ) 228 [(erat)? + (e-e)™)
$7 W)™ (e
-3 (c+°<) [(t+ x)? - 2e(t+ ) + 1] -
T+ —(t O™ (- )2 = 2e(e-w) + 11
1 n~1 . 5 2 -2 .
—2-(t+°<) [t® + (£2-1) + 2& ¢t Z7262 - 2%t + 1]
+ 7 (e- o) 1 (22 + (t3-1) = 260t - 263 + 200 b+ 1]
=
Next, for each givea n,
F () =L (e +e)™ + (2 - )Y
1 - & n
LS NI T, S (LT T T 1
2 r e —~
r=0 r=0
=cgth vy " 2. c:; :n"‘.;:('; +oan
—2% p
We see that each tern is in the form CZk " Kee2 - * .
NS F (t) is a polynomial in t, of degree = and with
-1
leading coefficient (CO + C; + CZ + ...) = 2" -

s ;}" 7, SOLUTIONS f:v

(a) ‘

/>
."'\
o
Nt

E]

\

(c)

Integrating by parts, we ha‘)e

i.e. lim f (x) -0

Pucu-f(c) dv-(x-c)

du = £ 1(c)dt v--u
P

9 BEN N I TR
. T o * EJ'O (x ~ 1) £-i(e) de —-
=1 x (x - t)m’} ¢ ) q ' B .
o O chivrdr Lol
APPlying (a) repeatedly. for n = 1 -~2 3, "'---»-'v:‘" =

1 x -1
CwTTTOT o (x = ¢t) £,(0) at rreecaiieenndie
For 0sesxsl, o§(x - )™ hen. Lo
. 1. X n-1 _
08 |f (] w7 “0 (x-t) £,(0) a:l ...................
< NB T -
M X ¢ )n-l d -
[CEVER N ’f“" 7 £ , -
- Ty (x—t)‘n x
(n-1)! —___n 0
_ Hxn -—
- Y R R 3 te e e seeanna S
TSR w04k &1 e
But lim——M- = 0, e -

rnaoy !

S le ]f (x)]

“‘700 B

x T ; m x x“' : e
J "™ g (o - [ ;‘Lﬂm_fuﬂ]o+§ J (et ", o




'as* PURE ¢ATHS IT "

T SOLUTIONS "=

P (@ £ =k -a
| ) Value of x x<~a’.' C ix.=a x>a -
| : Value of £ a-x{. o X =8 | eeeees sees
i i Value of f' -1 £' doesn't exist S -
l - 8 F £
L | R o
' Behaviour of £ Y winioum P RN
] =
| - - - S
L
] .
|
': A (b) g(x) = ’:c - a|+ (x"- bl
a b
. (S Value of x x<a X = a a<x<h ' x=25b ‘
Value of g (a+b)-2x| b - a b - a b - 2 |2x-(a+b)
Value of g' -2 Doesn't -0 Doesn't 2
exist exist
Behaviour of g \ pinicua i 7

i

lomad B et -

'

Value of -x x< a x = a- |1 a<x<b bexce | x = c vv'rx>:c
Value of h | (a+b+c)-3x | b+e=2a Kb+c-a)-x x—(a+b-c] 2c¢=(a+b) 3x-(a+h+c)
Value of h' -3 Doen't -1 1 Doesn't 35
3 exist exist - R
Behaviodr . :
~of h- o \/ R .:L - - & /‘_ uz __/\ R . 7\_‘,_.

!'
K
15

e Er -

{—‘,,(0)

JAMM

A>ct

$ (=)= J&M #(a+@-¢@

cpxe@w;a%e@ 4 {(a),+(q)_"

P(a)/{




*HRE MATHS 11 S R

a " SOLUTIONS
13 (a) (1) PUE U = T = X ceveceiescnncnacncannnn esevesssssvassssass
' | v o CowBpPT ™
= W-2r. Lo o(2r - N n
| - 1n sinx dx = —J 1n sin(7T - x) dx = E“"‘“@""ﬁ@’"«
. us g . _ -
H 2 2 — N <
R z -
o 'S 2 In sinx dX__ cveecccccnana ceesenscesanes 1.
' o 2r — - -
o (11) Put u = 2x - -
' : - lzr' -r R .52 —
. - 1d sin2x dx =3 ’ ln sinu du R
LN S ) -
T T . I
' 11172 7T . - —
| 3 ln sinu du +j * In sinu du
i 21‘ T -.T -
; NS e
= )
L 2.0 © 1n SINX €X ceveeiceesassasecesocennnn
y o 2r - - = |1im 1. "“‘& Jx . (
Iz sin - iis T 4.
' - . Jo )21‘ ros 2) In 2} ceteenvetcaencanene 1
i 7T (z-= : )
Lo (1n sinx + 1n cosx)dx = ) iz sinX €OSX €X  ceaces (Note that all limits favcived exist) -
r . - , .
' . — r - ~ 4T .
: (Tor e - T
= J - ln == 2“" EX seeneacesccasscacasonn resecesesaans t90 ) ¢ T AR Z eeiiiiiiiiiiiieiaaaa., 2
r , - +
i . - - -
I.p T o
' «\/ =j2 lqs;mcdx—jz IN 2 €X  eceevccecsocsvoncone -
| T r ) .
2 ' T
F = 3 in sinx dx - (= - 2r) In 2 .....- D O ~ -
[ 2r : 2 = -
P - \
L - e e — -
| - .=
- — i
. = . - '

P
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KB MATHS 1T

i SOLUTIONS

. DAL RN

q(a? A'Since [Af(x) + g(x)]? > 9 for any )and_;;

5 § SI ST
( U\f(X)+g(x)]’dxao a7

Fa T BRI 0 T
b ] }

j (A £(x)]4 + 21 £(x) g(x) + rg(x)m dx > 0
a

Since the inequality holds for any X —, the dis:ricinant <'l'J

b

. [Zf f(x)g(x)dx]Z -4 U [f(x)}2 dx)( [g(x)}? dx)( (1] .
a a -
b

e. [f £0g(x)dx)? (f [£(0]2 dx)(f [g(xn*dx)
a a

~
o -
~

) 4s £00) = £(1) = o,

X -
{0 £1(t) dv = £(x) - £(0)

= f(x)

..................

1
and —[ £'(t) det = - £(1) + £(x)

x =

(1) If x (0, 4], frem (1),

x
(£(x)]? = J £'(t) de )2
0

- - "EE "I I .-
e B s ’

x \rax \
SU d:‘.” [£'(e))2 de]  (br (a)
o /o /

X
= x ! [£7(e)]2 4e
o]

% .
| S x(- [E7(e)? g (v (D1F20 L
o

- 1
| IEx ¢ lh, 1), (£(x)]2 = { —f £'(e) de )2

. x . -
- RERVS
) 5(J de (J [£'(e)}2 dc)

x / x

[£7(c))2 qe

b I o
A’J (£(x)]%dx + 2 7\} £(x)g(x)dx +J lg(x)fdx > 0 for any’ A

- Adding these two resules N
e
‘ (£(x)]%dx +f [f(X)I‘d
0 P

. ‘
[ (£G012 ax ¢ é,( [£())2 e

! V-i '&[f'(t)]’.c;t
. g)-:L

andJ [f(x)]2 dx<({ (£ (t:)]2 dt)(j
B
_ - l‘{l
3|1
- 77

bes

J v 4V

1

‘3

[£°())? dae

4 - e : -
J [€7¢t)12qe +f [£'(t)]%de
. % i

% PN 3
By (11), J [f(x)]2 dx <(f (£'(r))? dc

W *f’j)

. sescsececerveve o

1 -x dx) L

................

e e s,
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