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Solve the following system of eq
x -y ~%=3

1
® x -2y +z = 4

Find all possible values of p and q such that the following system of

X~y -z =3
{an x -2y + 1z
x +y + pz

=4
=q

Find the solutions, if possible, of the system of equations
x -y -z =3
x -2y +z =4
x +y + pz
x? + y o+ z
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{a"} be a sequence of real numbers. It is known‘ that, if

Q)] {an} satisfies a, < a,,, forall n, and

(ii) there exists a real number K such that a < K forall n,

{n" } converges.

Show that a sequence {b“} of real numbers is convergent if

@ &, > b,,, forall n, and

(i) there exists a real number M such that b, > M foral n.

Given two positive real numbers a and b swhthat @ < b. Let {x"} and {yn}
be two sequences satisfying

X = 4, »yw =15, and
- . Xt o
Xne1 = VEIVy Yper = _2_——

for all positive integers n .

Show that both [ x"} and { yn} converge and
lim x, = lim Y

noo N n~>oo

In how many ways can three different numbers be selected from the thirty numbers
1,2, ..., 30 such that their sum is

(i) divisible by 2 ,
(i) divisible by 3 ?

Using the binomial theorem
N
G+ x) = 2 ocN ™ e

for all positive integers N , prove that

'
Grrore yn)N B Z IY )’lll )'1” y/u
Jy iy tfy =N HEEA n

for all positive integers n and N .

Given any two complex numbers u and v .

@)
®)

©

Prove the inequality |u + »| < jul + {v|.

Prove that the following three stat are ivak

Sy lu + vl = lui + |v] or fu - ¥ = |ul + |v|,
St Im(u¥) = 0,
Sy : uv = uy ,

where Im (u7) denotes the imaginary part of u¥ .
Ifboth |u + vl # |ul + |v| and |u =~ vi % |ul + |v| , prove that,

for any complex number z, there exist real numbers a and b such that
z = aqu + bv.
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Let A be a set. Suppose f is a mapping from A into itself such that [ is injective but not
surjective. Denote the set | f(a) : a € 4 I by fI4] .

(a) Show that

@D A+ ¢, .
(ii) A consists of more than two clements.

®) If ¢ : A — A is a mapping such that
e(f(x) = x
forall x in A, show that ¢ is not bijective.

(c) Prove that there exists a unique mapping g : f[A] — A such that
® £(f(x)) = x foral x in A, amd
(i) g is bijective.

Forany 2 X 2 real matrix A4 = [: i] , et |A] = xw - yz.

S={A:|AI¢0} and

o -{[5 3] o °}:

(@) Does G form a group under the usual multiplication of matrices ?
Prove your assertion.

® A relstion ~ is defined on S as follows :
For A, B € §, A~p (ifthereexists D € G suchtht AD = B .

Show that ~ is an equivalence relation ol‘l S.

(€©) Let C be the set of pl b A mapping (’:S-»C\[Olisdcﬁnedby
B(4) = —E— 4 A
W= T TA]

whmA-[*’]
zZ w

Show that

@ & is surjective,
() ®(4) = ¥(B) ifandonlyif 4 ~ B as defined in ().
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Let f(x) = x - 1 - log,.x forall x > 0. Find the minimum value of f(x)
and show that log,x € x =1 forall x > 0. For what value of x will the equality hold?

Let x, %, ..., x, and A\, Ap, ..., A, be positive numbers such that
Mxot Maxs 4 A w M e Mt =
Show that '

P PR R
For what values of x;, x5, ... , x will the equality hold?

Prove that, if g, , a,‘, v, @, and py,py, ..., P, are positive numbers, then
Pt
(.lpl ,,Pz ,"F,,) Prtp, Pn < Pra t P.zﬂz + ...+ pa
Ps * Pyt ...+ p,

When will the equality hold ?

Using DeMoivre’s theorem, show that

sn@n + 1y0 = @n*le £ T ettt eorayt
r=0

where n is a positive integer, 0 < § < —2! and C:,":l' are binomial coefficients.

Using (a) and the relations between the coefficients and roots of the equation

’3'50 CD7 N X" = 0, show that

3 cot? kx = 2Q2n - 1 )

A The1 3 P e
and deduce that

. .-

b3 2 _ k= = nQ2n + 2) e

2, cosec TR 3 e (ii)

n

Let 4 n = k§| ;‘l—: . Using equations (i) and (ii) of (b), show that

22 ( 2 2n = 1 x? 2n 2n + 2
6 (2n#l)2n+l)<A" < % (2n+l)(2n+l)'

Hence evaluate lim 4 .
n—+o #

(It is known that for 0 < ¢ <%, tand > 6 > sinf )

END OF PAPER
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® [ encion, 1)dx by pars; , B ocprret o=
re=o

®) Lt F(u) = /" £(£)dt , where f(}) blco;lﬂnmﬁmoﬂon (c) Prove that the nth derivative with respect to ¢ of (e ~ 1) takes the value n! when r is zero.
o

Show that
/x 2 . x? ,
A F(ul)du /) (x = Vu)f(u)du

foral x > 0.

(b) Use the result in (a) to prove the identity
.JL_
@ / . by using the mbstitution ¢ = x + /x7 +.1 . . where  C" are binomial coeficients
S. () Suppose that a function f(x) is increasing on the interval {x I x » 1}
Show that

k k+y k+1 .
() Find the aea bounded by the cuve  2y% + x — 3 = O sad the wraght lie Frn < [Trmae < TEso,

|

|

; k o 1 . .

i 4. @ (l TO0 20 0 F D into partial fractions.
i 1. (a) Find the integrals i i

2p ¢4 x +1 =0,

where k is a positive integer.
Hence show that .
log'[(n - N} < ﬁ log, xdx < lo;t(n!) R

and that

2. Givntwoplanes % : x +y -z -1 =0, » (n-1D! € n®e**! < !
o x -y =0. where n is a positive integer.

(2) Find the foot F of the perpendicular from the point P(2,2, ~1) to the plane =,

(b) Prove that lim I(an + b) - 1} = 0, where @ and b are positive numbers.
©0
(b) Find'two points Q and R in the plane x, such that PQR is an equilateral triangle with "

the line segment PF as a median.

© Using the renlts 1n () and (), or otherwse, find _lim_ 7

6.  Given two non-constant functions ¢(x) and A(?) satisfying the relation

e(x + 1) + ¢o(x = 1) - 2¢(x) = A(D)
(2) Show that there is a point C(x,, y;) lying on the parabolic arc AB such that the tangent for all real numbers x and ¢
at C is panaliel to the chord joining A4 and B .

3. Suppose that A(x,, y1) and B(x,, y,) are distinct points lying on the pambola 8y? = x .

Express x3 and yy intemsof y; and y, . (2) Prove that the functich ¢(x) cannot have both an absol i and an absol

(®) Let A = y;, — y, . Find the area of AABC in terms of h . ®) If p(x) is differentiable fovrallnnl x , prove that
e'(x +y) = ¢ (x) = ¢'(») - ¢'(0)

{c) Show that the circle passing through the points A, B and C will intersect the parabola again
forall x and y.

at a point D(x4, ¥a) .

Express x4 and y, intermsof y, and y, . (c) Suppose, further, that ¢"(0) exists. Prove that " (x) exists for all x and that
¢"(x) = ¢"(0) .
Hence show that ¢ (x) is a polynomial of degree lessthan or equal to two,

-
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7.  Suppose that the function f(x) is continuous forall 2= > 0. and Ii_:'nnf(x) = R exists.
x

®

®)

©

@®

®)

Show that "
b
/ L0x) = [sx) gy = /" Lx) 4y - /' Lx) 4,
] x re X r» X

where 0 <2< b ad 0<r<s .

Let {"n} and {b"} be two sequences of positive numbers such that
lim ¢ = 0 and  lim b = 4o | Show that

n oo n oo N

,,“.'.n.,, /.:n [{rx) ; [(5X) 45 = (ro) - !)loge(ri) .
[Hint : you may assume without proof that the following theomﬁ holds :
If g(x) and h(x) are continuous on the closed interval [c, d] and
h(x) > 0 forall x in [c, d], then
[eoneax = st [* b ax

for some xo in [c, d].]

Furthermore, if f(x) > ¢ forall x » O, where ¢ is a positive constant, is it then
true that

b, b,
im LX) © fGX) gy oo g /"" Lrx) gy - gy | " LX) 4y
nwe Joo x n»e Jo x nvee Je, x

Prove your assertion.

X
Suppose that  f(x) = [ L__dr for x>1.

1 +

(i) Show that f(x) < f(y) wheneyer 1 < x < y .
(i) Show that f(x) < % foral x > 1
(iii) Find an  xo such that f(x,) >

e

Let g(@), where 0 < u < f(xo) ., be a function such that f(g(u)) =y .
1
® Showtht  g'w) = [1+ £ amd @) = 3 (gw)
(i) Let h(u) = e - g(u), where 0 < u < f(xo) . Prove that
R"(u) < h'(u).

Hence prove that A (u) does not have a minimum .
END OF PAPER
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@ Lt 0 < A < 1. Showthat
A+ A =2) > forall ¢ > 0.
Deduce that
Ae + (1 - N > atpt-2 foral a,8 > 0.

@) Let p,q > 0 sch that %*'}" andlet {8, 85, ... ,4,} and

{b..b,,...,b.}betwonmofnon-upﬁvendmbmudlﬂm
Lo’ = £yt =1, Uogtheromitin @), showthat £ 4b < 1.
-1 =t =1

Hence show that, for any two sets of non-negative real numbers {x.,x,. .xn}
wd {yi, 9, o0 2,} '

1 1
Y. ] n > n 1
T xy <{Z x’)’ (z ')' .
PP ] (l-l 1 IS
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