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 Integer Exponents 
We will start off this chapter by looking at integer exponents.  In fact, we will initially assume 
that the exponents are positive as well.  We will look at zero and negative exponents in a bit. 
 
Let’s first recall the definition of exponentiation with positive integer exponents.  If a is any 
number and n is a positive integer then, 
 

 times

n

n

a a a a a= ⋅ ⋅ ⋅ ⋅L14243  

So, for example, 
 53 3 3 3 3 3 243= ⋅ ⋅ ⋅ ⋅ =  
 
We should also use this opportunity to remind ourselves about parenthesis and conventions that 
we have in regards to exponentiation and parenthesis.  This will be particularly important when 
dealing with negative numbers.  Consider the following two cases. 
 ( )4 42 and 2− −  
These will have different values once we evaluate them.  When performing exponentiation 
remember that it is only the quantity that is immediately to the left of the exponent that gets the 
power.   
 
In the first case there is a parenthesis immediately to the left so that means that everything in the 
parenthesis gets the power.  So, in this case we get, 
 ( ) ( )( )( ) ( )42 2 2 2 2 16− = − − − − =  
 
In the second case however, the 2 is immediately to the left of the exponent and so it is only the 2 
that gets the power.  The minus sign will stay out in front and will NOT get the power.  In this 
case we have the following, 
 ( ) ( ) ( )4 42 2 2 2 2 2 16 16− = − = − ⋅ ⋅ ⋅ = − = −  
 
We put in some extra parenthesis to help illustrate this case.  In general they aren’t included and 
we would write instead, 
 42 2 2 2 2 16− = − ⋅ ⋅ ⋅ = −  
 
The point of this discussion is to make sure that you pay attention to parenthesis.  They are 
important and ignoring parenthesis or putting in a set of parenthesis where they don’t belong can 
completely change the answer to a problem.  Be careful.  Also, this warning about parenthesis is 
not just intended for exponents.  We will need to be careful with parenthesis throughout this 
course. 
 
Now, let’s take care of zero exponents and negative integer exponents. In the case of zero 
exponents we have, 
 0 1 provided 0a a= ≠  
Notice that it is required that a not be zero.  This is important since 00  is not defined.  Here is a 
quick example of this property. 
 ( )01268 1− =  
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We have the following definition for negative exponents.  If a is any non-zero number and n is a 
positive integer (yes, positive) then, 

 1n
na

a
− =  

 
Can you see why we required that a not be zero?  Remember that division by zero is not defined 
and if we had allowed a to be zero we would have gotten division by zero.  Here are a couple of 
quick examples for this definition, 

 ( )
( )

32
32

1 1 1 1 15 4
5 25 64 644

−− = = − = = = −
−−

 

 
Here are some of the main properties of integer exponents.  Accompanying each property will be 
a quick example to illustrate its use.  We will be looking at more complicated examples after the 
properties. 
 
Properties 

1. n m n ma a a +=    Example : 9 4 9 4 5a a a a− − + −= =  
 

2. ( )mn nma a=    Example : ( ) ( )( )3 7 37 21a a a= =  
 

3. , 01

n m
n

m
m n

aa a
a

a

−

−


= ≠


  Example : 

4
4 11 7

11

4
7

11 11 4 7

1 1

a a a
a
a a
a a a

− −

−
−

= =

= = =
 

 
4. ( )n n nab a b=    Example : ( ) 4 4 4ab a b− − −=  

 

5. , 0
n n

n
a a b
b b

  = ≠ 
 

  Example : 
8 8

8

a a
b b

  = 
 

 

 

6. 
n n n

n
a b b
b a a

−
   = =   
   

  Example : 
10 10 10

10

a b b
b a a

−
   = =   
   

 

 

7. ( )
( )

1n
nab

ab
− =   Example : ( )

( )
20

20
1ab

ab
− =  

 

8. 
1 n

n a
a− =    Example : 2

2

1 a
a− =  

 

9. 
n m

m n
a b
b a

−

− =    Example : 
6 17

17 6

a b
b a

−

− =  
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10. ( )kn m nk mka b a b=   Example : ( ) ( )( ) ( )( )3 4 3 9 34 9 12 27a b a b a b−− −= =  
 

11. 
kn nk

m mk
a a
b b

 
= 

 
   Example : 

( )( )

( )( )

2 6 26 12

5 105 2

a a a
b bb

 
= = 

 
 

 
Notice that there are two possible forms for the third property.  Which form you use is usually 
dependent upon the form you want the answer to be in. 
 
Note as well that many of these properties were given with only two terms/factors but they can be 
extended out to as many terms/factors as we need.  For example, property 4 can be extended as 
follows. 
 ( )n n n n nabcd a b c d=  
We only used four factors here, but hopefully you get the point.  Property 4 (and most of the other 
properties) can be extended out to meet the number of factors that we have in a given problem. 
 
There are several common mistakes that students make with these properties the first time they 
see them.  Let’s take a look at a couple of them. 
 
Consider the following case. 

 

2
2 2

2
2

1Correct   :    

1Incorrect :     

aab a
b b

ab
ab

−

−

= =

≠
 

In this case only the b gets the exponent since it is immediately off to the left of the exponent and 
so only this term moves to the denominator.  Do NOT carry the a down to the denominator with 
the b.  Contrast this with the following case. 

 ( )
( )

2
2

1ab
ab

− =  

In this case the exponent is on the set of parenthesis and so we can just use property 7 on it and so 
both the a and the b move down to the denominator.  Again, note the importance of parenthesis 
and how they can change an answer! 
 
 
 
 
Here is another common mistake. 

 

5
5 5

5
5

1 1 1 1Correct   :  
3 3 3

1Incorrect :   3
3

a
a a

a
a

− −

−
−

= =

≠
 

In this case the exponent is only on the a and so to use property 8 on this we would have to break 
up the fraction as shown and then use property 8 only on the second term.  To bring the 3 up with 
the a we would have needed the following. 
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( )

( )5
5

1 3
3

a
a − =  

 
Once again, notice this common mistake comes down to being careful with parenthesis.  This will 
be a constant refrain throughout these notes.  We must always be careful with parenthesis.  
Misusing them can lead to incorrect answers. 
 
Let’s take a look at some more complicated examples now. 
 
Example 1  Simplify each of the following and write the answers with only positive exponents. 

(a) ( )34 54x y−     [Solution] 

(b) ( ) ( )2 52 4 310z y z y
−−−    [Solution] 

(c) 
2

4 37
n m
m n

−

− −    [Solution] 

(d) 
( )

1 4

25 9

5

3

x y

y x

− −

−    [Solution] 

(e) 
65

2 1

z
z x

−

− −

 
 
 

   [Solution] 

(f) 
23 8

5

24
6

a b
a b

−−

−

 
 
 

   [Solution] 

Solution 
Note that when we say “simplify” in the problem statement we mean that we will need to use all 
the properties that we can to get the answer into the required form.  Also, a “simplified” answer 
will have as few terms as possible and each term should have no more than a single exponent on 
it. 
 
There are many different paths that we can take to get to the final answer for each of these.  In the 
end the answer will be the same regardless of the path that you used to get the answer.  All that 
this means for you is that as long as you used the properties you can take the path that you find 
the easiest.  The path that others find to be the easiest may not be the path that you find to be the 
easiest.  That is okay. 
 
Also, we won’t put quite as much detail in using some of these properties as we did in the 
examples given with each property.  For instance, we won’t show the actual multiplications 
anymore, we will just give the result of the multiplication.  
 

(a) ( )34 54x y−  
For this one we will use property 10 first. 

 ( )34 5 3 12 154 4x y x y− −=  
Don’t forget to put the exponent on the constant in this problem.  That is one of the more 
common mistakes that students make with these simplification problems. 
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At this point we need to evaluate the first term and eliminate the negative exponent on the second 
term.  The evaluation of the first term isn’t too bad and all we need to do to eliminate the negative 
exponent on the second term is use the definition we gave for negative exponents. 

 ( )
1534 5 15

12 12

1 644 64 yx y y
x x

−  = = 
 

 

 
We further simplified our answer by combining everything up into a single fraction.  This should 
always be done. 
 
The middle step in this part is usually skipped.  All the definition of negative exponents tells us to 
do is move the term to the denominator and drop the minus sign in the exponent.  So, from this 
point on, that is what we will do without writing in the middle step. 

[Return to Problems] 
 

(b)  ( ) ( )2 52 4 310z y z y
−−−  

In this case we will first use property 10 on both terms and then we will combine the terms using 
property 1.  Finally, we will eliminate the negative exponents using the definition of negative 
exponents. 

 ( ) ( ) ( )2 5 22 4 3 4 8 15 5 11 13
11 13

10010 10 100z y z y z y z y z y
z y

−− − − − − −− = − = =  

 
There are a couple of things to be careful with in this problem.  First, when using the property 10 
on the first term, make sure that you square the “-10” and not just the 10 (i.e. don’t forget the 
minus sign…).  Second, in the final step, the 100 stays in the numerator since there is no negative 
exponent on it.  The exponent of “-11” is only on the z and so only the z moves to the 
denominator. 

[Return to Problems] 
 
 

(c)  
2

4 37
n m
m n

−

− −  

This one isn’t too bad.  We will use the definition of negative exponents to move all terms with 
negative exponents in them to the denominator.  Also, property 8 simply says that if there is a 
term with a negative exponent in the denominator then we will just move it to the numerator and 
drop the minus sign. 
 
So, let’s take care of the negative exponents first. 

 
2 4 3

4 3 27 7
n m m n m
m n n

−

− − =  

 
Now simplify.  We will use property 1 to combine the m’s in the numerator.  We will use 
property 3 to combine the n’s and since we are looking for positive exponents we will use the first 
form of this property since that will put a positive exponent up in the numerator. 

 
2 5

4 37 7
n m m n
m n

−

− − =  

 
Again, the 7 will stay in the denominator since there isn’t a negative exponent on it.  It will NOT 
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move up to the numerator with the m.  Do not get excited if all the terms move up to the 
numerator or if all the terms move down to the denominator.  That will happen on occasion. 

[Return to Problems] 
 

(d) 
( )

1 4

25 9

5

3

x y

y x

− −

−  

This example is similar to the previous one except there is a little more going on with this one.  
The first step will be to again, get rid of the negative exponents as we did in the previous 
example.  Any terms in the numerator with negative exponents will get moved to the denominator 
and we’ll drop the minus sign in the exponent.  Likewise, any terms in the denominator with 
negative exponents will move to the numerator and we’ll drop the minus sign in the exponent.  
Notice this time, unlike the previous part, there is a term with a set of parenthesis in the 
denominator.  Because of the parenthesis that whole term, including the 3, will move to the 
numerator. 
 
Here is the work for this part. 

 
( )

( ) ( )
25 101 4 6

2 4 9 4 9 105 9

5 3 5 95 45

3

y yx y y
xy x xy x xy x

− −

− = = =  

[Return to Problems] 
 
 

(e) 
65

2 1

z
z x

−

− −

 
 
 

 

There are several first steps that we can take with this one.  The first step that we’re pretty much 
always going to take with these kinds of problems is to first simplify the fraction inside the 
parenthesis as much as possible.  After we do that we will use property 5 to deal with the 
exponent that is on the parenthesis. 

 
6 6 65 2 1 6

2 1 5 3 18

z z x x x
z x z z z

−

− −

     = = =     
    

 

 
In this case we used the second form of property 3 to simplify the z’s since this put a positive 
exponent in the denominator.  Also note that we almost never write an exponent of “1”.  When 
we have exponents of 1 we will drop them. 

[Return to Problems] 

(f)  
23 8

5

24
6

a b
a b

−−

−

 
 
 

 

This one is very similar to the previous part.  The main difference is negative on the outer 
exponent.  We will deal with that once we’ve simplified the fraction inside the parenthesis. 

 
2 2 23 8 3 5 8

5 8 9

24 4 4
6

a b a a a
a b b b b

− − −−

−

     
= =     

     
 

Now at this point we can use property 6 to deal with the exponent on the parenthesis.  Doing this 
gives us, 
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2 23 8 9 18

5 8 16

24
6 4 16

a b b b
a b a a

−−

−

   
= =   

   
 

[Return to Problems] 
 
 
Before leaving this section we need to talk briefly about the requirement of positive only 
exponents in the above set of examples.  This was done only so there would be a consistent final 
answer.  In many cases negative exponents are okay and in some cases they are required.  In fact, 
if you are on a track that will take you into calculus there are a fair number of problems in a 
calculus class in which negative exponents are the preferred, if not required, form. 
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 Rational Exponents 
Now that we have looked at integer exponents we need to start looking at more complicated 
exponents.  In this section we are going to be looking at rational exponents.  That is exponents in 
the form 

 
m
nb  

where both m and n are integers. 
 
We will start simple by looking at the following special case, 

1
nb  

where n is an integer.  Once we have this figured out the more general case given above will 
actually be pretty easy to deal with. 
 
Let’s first define just what we mean by exponents of this form. 

 
1

is equivalent to nna b a b= =  
 

In other words, when evaluating 
1
nb  we are really asking what number (in this case a) did we 

raise to the n to get b.  Often 
1
nb  is called the nth root of b. 

 
Let’s do a couple of evaluations. 
 
Example 1  Evaluate each of the following. 

(a) 
1
225    [Solution] 

(b) 
1
532    [Solution] 

(c) 
1
481    [Solution] 

(d) ( )
1
38−    [Solution] 

(e) ( )
1
416−    [Solution] 

(f) 
1
416−    [Solution] 

Solution 
When doing these evaluations we will do actually not do them directly.  When first confronted 
with these kinds of evaluations doing them directly is often very difficult.  In order to evaluate 
these we will remember the equivalence given in the definition and use that instead. 
 
We will work the first one in detail and then not put as much detail into the rest of the problems. 
 

(a) 
1
225  

So, here is what we are asking in this problem. 

 
1
225 ?=  
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Using the equivalence from the definition we can rewrite this as, 
 2? 25=  
So, all that we are really asking here is what number did we square to get 25.  In this case that is 
(hopefully) easy to get.  We square 5 to get 25.  Therefore, 

 
1
225 5=  

[Return to Problems] 
 

(b) 
1
532  

So what we are asking here is what number did we raise to the 5th power to get 32? 
1

5532 2 because 2 32= =  
[Return to Problems] 

 

(c) 
1
481  

What number did we raise to the 4th power to get 81? 

 
1

4481 3 because 3 81= =  
[Return to Problems] 

 

(d) ( )
1
38−  

We need to be a little careful with minus signs here, but other than that it works the same way as 
the previous parts.  What number did we raise to the 3rd power (i.e. cube) to get -8? 

 ( ) ( )
1 3
38 2 because 2 8− = − − = −  

[Return to Problems] 
 

(e) ( )
1
416−  

This part does not have an answer.  It is here to make a point.  In this case we are asking what 
number do we raise to the 4th power to get -16.  However, we also know that raising any number 
(positive or negative) to an even power will be positive.  In other words, there is no real number 
that we can raise to the 4th power to get -16. 
 
Note that this is different from the previous part.  If we raise a negative number to an odd power 
we will get a negative number so we could do the evaluation in the previous part. 
 
As this part has shown, we can’t always do these evaluations. 

[Return to Problems] 
 

(f) 
1
416−  

Again, this part is here to make a point more than anything.  Unlike the previous part this one has 
an answer.  Recall from the previous section that if there aren’t any parentheses then only the part 
immediately to the left of the exponent gets the exponent.  So, this part is really asking us to 
evaluate the following term. 
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1 1
4 416 16

 
− = − 

 
 

So, we need to determine what number raised to the 4th power will give us 16.  This is 2 and so in 
this case the answer is, 

 ( )
1 1
4 416 16 2 2

 
− = − = − = − 

 
 

[Return to Problems] 
 
As the last two parts of the previous example has once again shown, we really need to be careful 
with parenthesis.  In this case parenthesis makes the difference between being able to get an 
answer or not. 
 
Also, don’t be worried if you didn’t know some of these powers off the top of your head.  They 
are usually fairly simple to determine if you don’t know them right away.  For instance in the part 
b we needed to determine what number raised to the 5 will give 32.  If you can’t see the power 
right off the top of your head simply start taking powers until you find the correct one.  In other 
words compute 52 , 53 , 54  until you reach the correct value.  Of course in this case we wouldn’t 
need to go past the first computation. 
 
The next thing that we should acknowledge is that all of the properties for exponents that we gave 
in the previous section are still valid for all rational exponents.  This includes the more general 
rational exponent that we haven’t looked at yet. 
 
Now that we know that the properties are still valid we can see how to deal with the more general 
rational exponent.  There are in fact two different ways of dealing with them as we’ll see.  Both 
methods involve using property 2 from the previous section.  For reference purposes this property 
is, 

 ( )mn nma a=  
 
So, let’s see how to deal with a general rational exponent.  We will first rewrite the exponent as 
follows. 

 
( )1m m

nnb b
 
 
 =  

 
In other words we can think of the exponent as a product of two numbers.  Now we will use the 
exponent property shown above.  However, we will be using it in the opposite direction than what 
we did in the previous section.  Also, there are two ways to do it.  Here they are, 
 

 ( )
1 1

OR
mm m

mn n n nb b b b
 

= = 
 

 

 
Using either of these forms we can now evaluate some more complicated expressions 
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Example 2  Evaluate each of the following. 

(a) 
2
38    [Solution] 

(b) 
3
4625    [Solution] 

(c) 
4
5243

32
 
 
 

   [Solution] 

Solution 
We can use either form to do the evaluations.  However, it is usually more convenient to use the 
first form as we will see. 
 

(a) 
2
38  

Let’s use both forms here since neither one is too bad in this case.  Let’s take a look at the first 
form. 

 ( )
22 1 1

2 33 3 38 8 2 4 8 2 because 2 8
 

= = = = = 
 

 

 
Now, let’s take a look at the second form. 

 ( ) ( )
2 11 1

2 33 33 38 8 64 4 64 4 because 4 64= = = = =  
 
So, we get the same answer regardless of the form.  Notice however that when we used the 
second form we ended up taking the 3rd root of a much larger number which can cause problems 
on occasion. 

[Return to Problems] 
 

(b) 
3
4625  

Again, let’s use both forms to compute this one. 

 ( )
33 1 1

3 44 4 4625 625 5 125 625 5  because  5 625
 

= = = = = 
 

 

 ( ) ( )
3 1 1

3 44 4 4625 625 244140625 125 because 125 244140625= = = =  
 
As this part has shown the second form can be quite difficult to use in computations.  The root in 
this case was not an obvious root and not particularly easy to get if you didn’t know it right off 
the top of your head. 

[Return to Problems] 
 

(c) 

4
5243

32
 
 
 

 

In this case we’ll only use the first form.  However, before doing that we’ll need to first use 
property 5 of our exponent properties to get the exponent onto the numerator and denominator. 
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 ( )
( )

41
544 455

4 4 41
5 5

243
3243 243 81

32 16232 32

 
 

   = = = = 
   

 
 

 

[Return to Problems] 
 
We can also do some of the simplification type problems with rational exponents that we saw in 
the previous section. 
 
Example 3  Simplify each of the following and write the answers with only positive exponents. 

(a) 

1
42

1
216

w

v

− 
 
 
 

   [Solution] 

(b) 

1
2 7

2 3

1
32

x y

x y

−
−

− −

 
 
  
 

   [Solution] 

Solution 
(a) For this problem we will first move the exponent into the parenthesis then we will eliminate 
the negative exponent as we did in the previous section.  We will then move the term to the 
denominator and drop the minus sign. 

 

1 12
4 2

1 1 11 11
8 8 22 44

1

2 216

w w

v v wv

 − − 
 

 
 
 

= =  

[Return to Problems] 
 
(b) In this case we will first simplify the expression inside the parenthesis. 

 

1 11
12 21 17 77 32 752 2 3 73 32 2

32
1 2

32 3 1
x y x x y x y x y
x y y

− −−
−− −+

− −

    
     = = =            

    

 

 
Don’t worry if, after simplification, we don’t have a fraction anymore.  That will happen on 
occasion.  Now we will eliminate the negative in the exponent using property 7 and then we’ll use 
property 4 to finish the problem up. 

 

1
2 7

2 3

1 1 15
7532 7 314
32

1 1x y

x y x yx y

−
−

− −

 
  = =       

 

 

[Return to Problems] 
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We will leave this section with a warning about a common mistake that students make in regards 
to negative exponents and rational exponents.  Be careful not to confuse the two as they are 
totally separate topics. 
 
In other words, 

 1n
nb

b
− =  

and NOT 

 
1

n nb b− ≠  
 
This is a very common mistake when students first learn exponent rules. 
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 Real Exponents 
This is a fairly short section.  It’s only real purpose is to acknowledge that the exponent properties 
we listed in the first section work for any exponent.  We’ve already used them on integer and 
rational exponents but we aren’t actually restricted to these kinds of exponents.  The properties 
will work for any exponent that we want to use. 
 
Example 1  Simplify each of the following and write the answers with only positive exponents. 

(a) ( )0.58.2 0.26 2x y z−  

(b) 
33 4.1

2.7

x y
x

−−

−

 
 
 

 

Solution 
We will not put as much detail into these as we have in the previous sections.  By this point it is 
assumed that you’re starting to get a good handle on the exponent rules. 
(a)  

 ( )
4.10.58.2 0.26 2 4.1 0.13
0.13

x zx y z x y z
y

− −= =  

(b) 

 
3 3 3 33 4.1 3 2.7 5.7 4.1 12.3

2.7 4.1 4.1 5.7 17.1

x y x x x y y
x y y x x

− − −−

−

       
= = = =       

       
 

 
Note that we won’t be doing anything like this in the remainder of this course.  This section is 
here only to acknowledge that these rules will work for any kind of exponent that we might need 
to work with. 
 
 


